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Unit 18. Convex Optimization

Convex Optimization - Introduction
This course is useful for the students who want to solve non-linear optimization problems that
arise in various engineering and scientific applications. This course starts with basic theory of
linear programming and will introduce the concepts of convex sets and functions and related
terminologies to explain various theorems that are required to solve the non linear
programming problems. This course will introduce various algorithms that are used to solve
such problems. These type of problems arise in various applications including machine
learning, optimization problems in electrical engineering, etc. It requires the students to have
prior knowledge of high school maths concepts and calculus.
In

this

course,

the

students

will

learn

like

minf(x)minf(x) subject to some constraints.

to

These problems are easily solvable if the function

solve

f(x)f(x)

the

optimization

problems

is a linear function and if the

constraints are linear. Then it is called a linear programming problem (LPP). But if the
constraints are non-linear, then it is difficult to solve the above problem. Unless we can plot
the functions in a graph, then try to analyse the optimization can be one way, but we can't plot
a function if it's beyond three dimensions. Hence there comes the techniques of non-linear
programming or convex programming to solve such problems. In these tutorial, we will focus
on learning such techniques and in the end, a few algorithms to solve such problems. first we
will bring the notion of convex sets which is the base of the convex programming problems.
Then with the introduction of convex functions, we will some important theorems to solve these
problems and some algorithms based on these theorems.

Terminologies


RnRn − It is an n-dimensional vector with real numbers, defined as follows
− Rn={(x1,x2,...,xn)τ:x1,x2,....,xn∈R}Rn={(x1,x2,...,xn)τ:x1,x2,....,xn∈R}

The space
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RmXnRmXn − It is a set of all real values matrices of order mXnmXn.

Convex Optimization - Linear Programming
Methodology
Linear Programming also called Linear Optimization, is a technique which is used to solve
mathematical problems in which the relationships are linear in nature. the basic nature of
Linear Programming is to maximize or minimize an objective function with subject to
some constraints. The objective function is a linear function which is obtained from the
mathematical model of the problem. The constraints are the conditions which are imposed on
the model and are also linear.


From the given question, find the objective function.



find the constraints.



Draw the constraints on a graph.



find the feasible region, which is formed by the intersection of all the constraints.



find the vertices of the feasible region.



find the value of the objective function at these vertices.



The vertice which either maximizes or minimizes the objective function (according to
the question) is the answer.

Examples
Step 1 − Maximize

5x+3y5x+3y subject to

x+y≤2x+y≤2,
3x+y≤33x+y≤3,
x≥0andy≥0x≥0andy≥0
Solution −
The first step is to find the feasible region on a graph.
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Clearly from the graph, the vertices of the feasible region are

(0,0)(0,2)(1,0)(12,32)(0,0)(0,2)(1,0)(12,32)
Let f(x,y)=5x+3yf(x,y)=5x+3y
Putting these values in the objective function, we get −

f(0,0)f(0,0)=0
f(0,2)f(0,2)=6
f(1,0)f(1,0)=5
f(12,32)f(12,32)=7
Therefore, the function maximizes at (12,32)(12,32)
Step 2 − A watch company produces a digital and a mechanical watch. Long-term projections
indicate an expected demand of at least 100 digital and 80 mechanical watches each day.
Because of limitations on production capacity, no more than 200 digital and 170 mechanical
watches can be made daily. To satisfy a shipping contract, a total of at least 200 watches much
be shipped each day.
If each digital watch sold results in a
a

$2$2

loss, but each mechanical watch produces

$5$5 profit, how many of each type should be made daily to maximize net profits?

Solution −
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xx be the number of digital watches produced

yy be the number of mechanical watches produced
According to the question, at least 100 digital watches are to be made daily and maximaum
200 digital watches can be made.

⇒100≤x≤200⇒100≤x≤200
Similarly, at least 80 mechanical watches are to be made daily and maximum 170 mechanical
watches can be made.

⇒80≤y≤170⇒80≤y≤170
Since at least 200 watches are to be produced each day.

⇒x+y≤200⇒x+y≤200
Since each digital watch sold results in a
a

$2$2

loss, but each mechanical watch produces

$5$5 profit,

Total profit can be calculated as

Profit=−2x+5yProfit=−2x+5y
And we have to maximize the profit, Therefore, the question can be formulated as −

−2x+5y−2x+5y subject to
100≤x≤200100≤x≤200
80≤y≤17080≤y≤170
x+y≤200x+y≤200
Maximize

Plotting the above equations in a graph, we get,
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The vertices of the feasible region are

(100,170)(200,170)(200,180)(120,80)and(100,100)(100,170)(200,170)(200,
180)(120,80)and(100,100)
The maximum value of the objective function is obtained at

(100,170)(100,170)

Thus, to

maximize the net profits, 100 units of digital watches and 170 units of mechanical watches
should be produced.

Convex Optimization - Norm
A norm is a function that gives a strictly positive value to a vector or a variable.
Norm is a function

f:Rn→Rf:Rn→R

The basic characteristics of a norm are −
Let

XX be a vector such that X∈RnX∈Rn
 ∥x∥≥0‖x‖≥0
 ∥x∥=0⇔x=0∀x∈X‖x‖=0⇔x=0∀x∈X
 ∥αx∥=|α|∥x∥∀x∈Xandαisascalar‖αx‖=|α|‖x‖∀x∈Xandαisascalar
 ∥x+y∥≤∥x∥+∥y∥∀x,y∈X‖x+y‖≤‖x‖+‖y‖∀x,y∈X
 ∥x−y∥≥∥∥x∥−∥y∥∥‖x−y‖≥‖‖x‖−‖y‖‖

By definition, norm is calculated as follows −
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∥x∥1=∑i=1n|xi|‖x‖1=∑i=1n|xi|
∥x∥2=(∑i=1n|xi|2)12‖x‖2=(∑i=1n|xi|2)12
∥x∥p=(∑i=1n|xi|p)1p,1≤p≤∞‖x‖p=(∑i=1n|xi|p)1p,1≤p≤∞

Norm is a continuous function.

Proof
By definition, if

xn→xxn→x

in

X⇒f(xn)→f(x)X⇒f(xn)→f(x)

then

f(x)f(x)

is a constant

function.

f(x)=∥x∥f(x)=‖x‖
Therefore, |f(xn)−f(x)|=|∥xn∥−∥x∥|≤||xn−x|||f(xn)−f(x)|=|‖xn‖−‖x‖|≤||xn−x||
Since xn→xxn→x thus, ∥xn−x∥→0‖xn−x‖→0
Therefore |f(xn)−f(x)|≤0⇒|f(xn)−f(x)|=0⇒f(xn)→f(x)|f(xn)−f(x)|≤0⇒|f(xn)−f(x)|=0
Let

⇒f(xn)→f(x)
Hence, norm is a continuous function.

Convex Optimization - Inner Product
Inner product is a function which gives a scalar to a pair of vectors.
Inner Product −

f:Rn×Rn→κf:Rn×Rn→κ where κκ is a scalar.

The basic characteristics of inner product are as follows −
Let

X∈RnX∈Rn
 ⟨x,x⟩≥0,∀x∈X⟨x,x⟩≥0,∀x∈X
 ⟨x,x⟩=0⇔x=0,∀x∈X⟨x,x⟩=0⇔x=0,∀x∈X
 ⟨αx,y⟩=α⟨x,y⟩,∀α∈κand∀x,y∈X⟨αx,y⟩=α⟨x,y⟩,∀α∈κand∀x,y∈X
 ⟨x+y,z⟩=⟨x,z⟩+⟨y,z⟩,∀x,y,z∈X⟨x+y,z⟩=⟨x,z⟩+⟨y,z⟩,∀x,y,z∈X
 ⟨y,x¯¯¯¯¯¯¯¯⟩=(x,y),∀x,y∈X⟨y,x¯⟩=(x,y),∀x,y∈X

Note −

∥x∥=(x,x)−−−−−√‖x‖=(x,x)



Relationship between norm and inner product:



∀x,y∈Rn,⟨x,y⟩=x1y1+x2y2+...+xnyn∀x,y∈Rn,⟨x,y⟩=x1y1+x2y2+...+xnyn

Examples
1. find the inner product of

x=(1,2,1)andy=(3,−1,3)x=(1,2,1)andy=(3,−1,3)

Solution

⟨x,y⟩=x1y1+x2y2+x3y3⟨x,y⟩=x1y1+x2y2+x3y3
⟨x,y⟩=(1×3)+(2×−1)+(1×3)⟨x,y⟩=(1×3)+(2×−1)+(1×3)
⟨x,y⟩=3+(−2)+3⟨x,y⟩=3+(−2)+3
⟨x,y⟩=4⟨x,y⟩=4
2.
If
x=(4,9,1),y=(−3,5,1)x=(4,9,1),y=(−3,5,1)
find (x+y,z)(x+y,z)

and

z=(2,4,1)z=(2,4,1),
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Solution

⟨x+y,z⟩=⟨x,z⟩+⟨y,z⟩⟨x+y,z⟩=⟨x,z⟩+⟨y,z⟩
⟨x+y,z⟩=(x1z1+x2z2+x3z3)+(y1z1+y2z2+y3z3)⟨x+y,z⟩=(x1z1+x2z2+x3z3)+(y1z1+y2z
As we know,

2+y3z3)

⟨x+y,z⟩={(4×2)+(9×4)+(1×1)}+⟨x+y,z⟩={(4×2)+(9×4)+(1×1)}+
{(−3×2)+(5×4)+(1×1)}{(−3×2)+(5×4)+(1×1)}
⟨x+y,z⟩=(8+36+1)+(−6+20+1)⟨x+y,z⟩=(8+36+1)+(−6+20+1)
⟨x+y,z⟩=45+15⟨x+y,z⟩=45+15
⟨x+y,z⟩=60⟨x+y,z⟩=60

Convex Optimization - Minima and Maxima
Local Minima or Minimize
x¯∈Sx¯∈S
function ff

is

said

to

be

local

minima

of

f(x¯)≤f(x),∀x∈Nε(x¯)f(x¯)≤f(x),∀x∈Nε(x¯)where Nε(x¯)Nε(x¯)
neighbourhood of x¯x¯, i.e., Nε(x¯)Nε(x¯) means ∥x−x¯∥<ε‖x−x¯‖<ε
if

a
means

Local Maxima or Maximizer
x¯∈Sx¯∈S
function ff

is

said

to

be

local

maxima

of

f(x¯)≥f(x),∀x∈Nε(x¯)f(x¯)≥f(x),∀x∈Nε(x¯)where Nε(x¯)Nε(x¯)
neighbourhood of x¯x¯, i.e., Nε(x¯)Nε(x¯) means ∥x−x¯∥<ε‖x−x¯‖<ε
if

a
means

Global minima
x¯∈Sx¯∈S is said to be global minima of a function ff if f(x¯)≤f(x),∀x∈Sf(x¯)≤f(x),∀x∈S

Global maxima
x¯∈Sx¯∈S is said to be global maxima of a function ff if f(x¯)≥f(x),∀x∈Sf(x¯)≥f(x),∀x∈S
Examples
Step 1 − find the local minima and maxima of

f(x¯)=∣∣x2−4∣∣f(x¯)=|x2−4|

Solution −
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From the graph of the above function, it is clear that the local minima occurs at x=±2x=±2 and
local maxima at

x=0x=0

Step 2 − find the global minima af the function

f(x)=∣∣4x3−3x2+7∣∣f(x)=|4x3−3x2+7|

Solution −

From the graph of the above function, it is clear that the global minima occurs at

x=−1x=−1.

Convex Optimization - Convex Set
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S⊆RnS⊆Rn A set S is said to be convex if the line segment joining any two points of the
set
S
also
belongs
to
the
S,
i.e.,
if
x1,x2∈Sx1,x2∈S,
then λx1+(1−λ)x2∈Sλx1+(1−λ)x2∈S where λ∈(0,1)λ∈(0,1).
Let

Note −


The union of two convex sets may or may not be convex.



The intersection of two convex sets is always convex.

Proof

S1S1 and S2S2 be two convex set.
Let S3=S1∩S2S3=S1∩S2
Let x1,x2∈S3x1,x2∈S3
Since S3=S1∩S2S3=S1∩S2 thus x1,x2∈S1x1,x2∈S1and x1,x2∈S2x1,x2∈S2
Since SiSi is convex set, ∀∀ i∈1,2,i∈1,2,
Thus λx1+(1−λ)x2∈Siλx1+(1−λ)x2∈Si where λ∈(0,1)λ∈(0,1)
Therfore, λx1+(1−λ)x2∈S1∩S2λx1+(1−λ)x2∈S1∩S2
⇒λx1+(1−λ)x2∈S3⇒λx1+(1−λ)x2∈S3
Hence, S3S3 is a convex set.
Let



Weighted

average

of

the

∑i=1kλixi∑i=1kλixi,where ∑i=1kλi=1∑i=1kλi=1 and λi≥0,∀i∈[1,k]λi≥0,∀i∈[
1,k] is called conic combination of x1,x2,....xk.x1,x2,....xk.
Weighted average of the form ∑i=1kλixi∑i=1kλixi, where ∑i=1kλi=1∑i=1kλi=1 is
called affine combination of x1,x2,....xk.x1,x2,....xk.
Weighted average of the form ∑i=1kλixi∑i=1kλixi is called linear combination
of x1,x2,....xk.x1,x2,....xk.
form




Examples
Step 1 − Prove that the set

S={x∈Rn:Cx≤α}S={x∈Rn:Cx≤α} is a convex set.

Solution

x1x1 and x2∈Sx2∈S
⇒Cx1≤α⇒Cx1≤α and andCx2≤αandCx2≤α
To show:y=(λx1+(1−λ)x2)∈S∀λ∈(0,1)y=(λx1+(1−λ)x2)∈S∀λ∈(0,1)
Cy=C(λx1+(1−λ)x2)=λCx1+(1−λ)Cx2Cy=C(λx1+(1−λ)x2)=λCx1+(1−λ)Cx2
⇒Cy≤λα+(1−λ)α⇒Cy≤λα+(1−λ)α
⇒Cy≤α⇒Cy≤α
⇒y∈S⇒y∈S
Therefore, SS is a convex set.
Step 2 − Prove that the set S={(x1,x2)∈R2:x21≤8x2}S={(x1,x2)∈R2:x12≤8x2} is a convex
Let

set.
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Solution

x,y∈Sx,y∈S
Let x=(x1,x2)x=(x1,x2) and y=(y1,y2)y=(y1,y2)
⇒x21≤8x2⇒x12≤8x2 and y21≤8y2y12≤8y2
Let

To
−

show

λx+(1−λ)y∈S⇒λ(x1,x2)+(1−λ)(y1,y2)∈S⇒[λx1+(1−λ)y2]∈S)]λx+(1−λ)y∈S⇒λ(x1,

x2)+(1−λ)(y1,y2)∈S⇒[λx1+(1−λ)y2]∈S)]

Now,[λx1+(1−λ)y1]2=λ2x21+(1−λ)2y21+2λ(1−λ)x1y1Now,[λx1+(1−λ)y1]2=λ2x12+(
1−λ)2y12+2λ(1−λ)x1y1
But

2x1y1≤x21+y212x1y1≤x12+y12

Therefore,

[λx1+(1−λ)y1]2≤λ2x21+(1−λ)2y21+2λ(1−λ)(x21+y21)[λx1+(1−λ)y1]2≤λ2x12+(1−λ)2
y12+2λ(1−λ)(x12+y12)

⇒[λx1+(1−λ)y1]2≤λx21+(1−λ)y21⇒[λx1+(1−λ)y1]2≤λx12+(1−λ)y12
⇒[λx1+(1−λ)y1]2≤8λx2+8(1−λ)y2⇒[λx1+(1−λ)y1]2≤8λx2+8(1−λ)y2
⇒[λx1+(1−λ)y1]2≤8[λx2+(1−λ)y2]⇒[λx1+(1−λ)y1]2≤8[λx2+(1−λ)y2]
⇒λx+(1−λ)y∈S⇒λx+(1−λ)y∈S
Step 3 − Show that a set S∈RnS∈Rn is convex if and only if for each integer k, every convex
combination of any k points of SS is in SS.
Solution

SS be a convex set. then, to show;
c1x1+c2x2+.....+ckxk∈S,∑1kci=1,ci≥0,∀i∈1,2,....,kc1x1+c2x2+.....+ckxk∈S,∑1k
Let

ci=1,ci≥0,∀i∈1,2,....,k
Proof by induction

k=1,x1∈S,c1=1⇒c1x1∈Sk=1,x1∈S,c1=1⇒c1x1∈S
For k=2,x1,x2∈S,c1+c2=1k=2,x1,x2∈S,c1+c2=1 and Since S is a convex set
⇒c1x1+c2x2∈S.⇒c1x1+c2x2∈S.
For

Let the convex combination of m points of S is in S i.e.,

c1x1+c2x2+...+cmxm∈S,∑1mci=1,ci≥0,∀i∈1,2,...,mc1x1+c2x2+...+cmxm∈S,∑1m
ci=1,ci≥0,∀i∈1,2,...,m

x1,x2....,xm,xm+1∈Sx1,x2....,xm,xm+1∈S
Let x=μ1x1+μ2x2+...+μmxm+μm+1xm+1x=μ1x1+μ2x2+...+μmxm+μm+1xm+1
Let x=(μ1+μ2+...+μm)μ1x1+μ2x2+μmxmμ1+μ2+.........+μm+μm+1xm+1x=(μ1+μ2+...+μm)μ1
Now, Let

x1+μ2x2+μmxmμ1+μ2+.........+μm+μm+1xm+1

y=μ1x1+μ2x2+...+μmxmμ1+μ2+.........+μmy=μ1x1+μ2x2+...+μmxmμ1+μ2+.........+μm
⇒x=(μ1+μ2+...+μm)y+μm+1xm+1⇒x=(μ1+μ2+...+μm)y+μm+1xm+1
Now y∈Sy∈S because the sum of the coeﬀicients is 1.
Let
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⇒x∈S⇒x∈S since S is a convex set and y,xm+1∈Sy,xm+1∈S
Hence proved by induction.

Convex Optimization - affine Set
A set AA is said to be an affine set if for any two distinct points, the line passing through these
points lie in the set

AA.

Note −


SS is an affine set if and only if it contains every affine combination of its points.



Empty and singleton sets are both affine and convex set.
For example, solution of a linear equation is an affine set.

Proof
Let S be the solution of a linear equation.

S={x∈Rn:Ax=b}S={x∈Rn:Ax=b}
Let x1,x2∈S⇒Ax1=bx1,x2∈S⇒Ax1=b and Ax2=bAx2=b
To prove : A[θx1+(1−θ)x2]=b,∀θ∈(0,1)A[θx1+(1−θ)x2]=b,∀θ∈(0,1)
A[θx1+(1−θ)x2]=θAx1+(1−θ)Ax2=θb+(1−θ)b=bA[θx1+(1−θ)x2]=θAx1+(1−θ)Ax2=θ
By definition,

b+(1−θ)b=b
Thus S is an affine set.

Theorem
CC
is
an
affine
set
and
x0∈Cx0∈C,
set V=C−x0={x−x0:x∈C}V=C−x0={x−x0:x∈C} is a subspace of C.
If

then

the

Proof
x1,x2∈Vx1,x2∈V
To show: αx1+βx2∈Vαx1+βx2∈V for some α,βα,β
Now, x1+x0∈Cx1+x0∈C and x2+x0∈Cx2+x0∈C by definition of V
Now, αx1+βx2+x0=α(x1+x0)+β(x2+x0)+(1−α−β)x0αx1+βx2+x0=α(x1+x0)+β(x2+x0)
Let

+(1−α−β)x0
But

α(x1+x0)+β(x2+x0)+(1−α−β)x0∈Cα(x1+x0)+β(x2+x0)+(1−α−β)x0∈C because C is

an affine set.
Therefore,

αx1+βx2∈Vαx1+βx2∈V

Hence proved.

Convex Optimization - Hull
The convex hull of a set of points in S is the boundary of the smallest convex region that contain
all the points of S inside it or on its boundary.
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OR

S⊆RnS⊆Rn The convex hull of S, denoted Co(S)Co(S) by is the collection of all convex
combination of S, i.e., x∈Co(S)x∈Co(S) if and only if x∈∑i=1nλixix∈∑i=1nλixi,
where ∑1nλi=1∑1nλi=1 and λi≥0∀xi∈Sλi≥0∀xi∈S
Let

Remark − Conves hull of a set of points in S in the plane defines a convex polygon and the
points of S on the boundary of the polygon defines the vertices of the polygon.
Theorem

Co(S)={x:x=∑i=1nλixi,xi∈S,∑i=1nλi=1,λi≥0}Co(S)={x:x=∑i=1nλixi,xi∈S,∑i=

1nλi=1,λi≥0} Show that a convex hull is a convex set.

Proof
x1,x2∈Co(S)x1,x2∈Co(S),
then x1=∑i=1nλixix1=∑i=1nλixi and x2=∑i=1nλγxix2=∑i=1nλγxi where ∑i=1nλi=1,λi≥
0∑i=1nλi=1,λi≥0 and ∑i=1nγi=1,γi≥0∑i=1nγi=1,γi≥0
For θ∈(0,1),θx1+(1−θ)x2=θ∑i=1nλixi+(1−θ)∑i=1nγixiθ∈(0,1),θx1+(1−θ)x2=θ∑i=1nλi
Let

xi+(1−θ)∑i=1nγixi

θx1+(1−θ)x2=∑i=1nλiθxi+∑i=1nγi(1−θ)xiθx1+(1−θ)x2=∑i=1nλiθxi+∑i=1nγi(1−θ)xi
θx1+(1−θ)x2=∑i=1n[λiθ+γi(1−θ)]xiθx1+(1−θ)x2=∑i=1n[λiθ+γi(1−θ)]xi
Considering the coefficients,

∑i=1n[λiθ+γi(1−θ)]=θ∑i=1nλi+(1−θ)∑i=1nγi=θ+(1−θ)=1∑i=1n[λiθ+γi(1−θ)]=θ∑i=1nλ
i+(1−θ)∑i=1nγi=θ+(1−θ)=1
Hence,

θx1+(1−θ)x2∈Co(S)θx1+(1−θ)x2∈Co(S)

Thus, a convex hull is a convex set.

Caratheodory Theorem
Let
then

S

be

an

arbitrary

set

RnRn.If

in

x∈Co(S)x∈Co(S),

x∈Co(x1,x2,....,xn,xn+1)x∈Co(x1,x2,....,xn,xn+1).

Proof
Since

x∈Co(S)x∈Co(S), then xx is representated by a convex combination of a finite number

of points in S, i.e.,

x=∑j=1kλjxj,∑j=1kλj=1,λj≥0x=∑j=1kλjxj,∑j=1kλj=1,λj≥0

and

xj∈S,∀j∈(1,k)xj∈S,∀j∈(

1,k)

k≤n+1k≤n+1, the result obtained is obviously true.
If k≥n+1k≥n+1, then (x2−x1)(x3−x1),.....,(xk−x1)(x2−x1)(x3−x1),.....,(xk−x1)
If

are

linearly dependent.

⇒∃μj∈R,2≤j≤k⇒∃μj∈R,2≤j≤k
that ∑j=2kμj(xj−x1)=0∑j=2kμj(xj−x1)=0

(not

all

zero)

THANKS FOR READING – VISIT OUR WEBSITE www.educatererindia.com

such

GAUTAM SINGH

STUDY MATERIAL – Additional Material

0 7830294949

μ1=−∑j=2kμjμ1=−∑j=2kμj,

Define

∑j=1kμjxj=0,∑j=1kμj=0∑j=1kμjxj=0,∑j=1kμj=0
where not all μ′jsμj′s are equal to zero. Since ∑j=1kμj=0∑j=1kμj=0, at least one of
the μj>0,1≤j≤kμj>0,1≤j≤k
Then, x=∑1kλjxj+0x=∑1kλjxj+0
x=∑1kλjxj−α∑1kμjxjx=∑1kλjxj−α∑1kμjxj
x=∑1k(λj−αμj)xjx=∑1k(λj−αμj)xj
Choose
αα
such
that
α=min{λjμj,μj≥0}=λjμj,α=min{λjμj,μj≥0}=λjμj,
for
some i=1,2,...,ki=1,2,...,k
If μj≤0,λj−αμj≥0μj≤0,λj−αμj≥0
If μj>0,thenλjμj≥λiμi=α⇒λj−αμj≥0,j=1,2,...kμj>0,thenλjμj≥λiμi=α⇒λj−αμj≥0,j=1,2,.
then

..k

λi−αμi=0λi−αμi=0, by definition of αα
x=∑j=1k(λj−αμj)xjx=∑j=1k(λj−αμj)xj,where
λj−αμj≥0λj−αμj≥0 and ∑j=1k(λj−αμj)=1∑j=1k(λj−αμj)=1 and λi−αμi=0λi−αμi=0
In particular,

Thus, x can be representated as a convex combination of at most (k-1) points.
This reduction process can be repeated until x is representated as a convex combination of
(n+1) elements.

Convex Optimization - Weierstrass Theorem
Let S be a non empty, closed and bounded set (also called compact set) in

f:S→Rf:S→R be a continuous
min {f(x):x∈S}{f(x):x∈S} attains its minimum.
let

function

on

S,

then

the

RnRnand
problem

Proof
Since S is non-empty and bounded, there exists a lower bound.

α=Inf{f(x):x∈S}α=Inf{f(x):x∈S}
Now

Sj={x∈S:α≤f(x)≤α+δj}∀j=1,2,...Sj={x∈S:α≤f(x)≤α+δj}∀j=1,2,... and δ∈(0,1)δ∈(0,1)
By the definition of infimium, SjSj is non-empty, for each jj.
Choose some xj∈Sjxj∈Sj to get a sequence {xj}{xj} for j=1,2,...j=1,2,...
let

Since

S is bounded, the

sequence

is also bounded and there

is a convergent

{yj}{yj}, which converges to x^x^. Hence x^x^ is a limit point and S is closed,
therefore, x^∈Sx^∈S. Since f is continuous, f(yi)→f(x^)f(yi)→f(x^).
Since α≤f(yi)≤α+δk,α=limk→∞f(yi)=f(x^)α≤f(yi)≤α+δk,α=limk→∞f(yi)=f(x^)
Thus, x^x^ is the minimizing solution.
subsequence

Remarks
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There are two important necessary conditions for Weierstrass Theorem to hold. These are as
follows −


Step 1 − The set S should be a bounded set.
Consider the function f\left ( x \right )=x$.
It is an unbounded set and it does have a minima at any point in its domain.
Thus, for minima to obtain, S should be bounded.



Step 2 − The set S should be closed.
Consider the function

f(x)=1xf(x)=1x in the domain \left ( 0,1 \right ).

This function is not closed in the given domain and its minima also does not exist.
Hence, for minima to obtain, S should be closed.

Convex Optimization - Closest Point Theorem
Let S be a non-empty closed convex set in

RnRn

and let

y∉Sy∉S,

x¯∈Sx¯∈S
with
minimum
distance
i.e.,∥y−x¯∥≤∥y−x∥∀x∈S.‖y−x¯‖≤‖y−x‖∀x∈S.
Furthermore,
x¯x¯
is
a
minimizing
point
if
if (y−x^)T(x−x^)≤0(y−x^)T(x−x^)≤0 or (y−x^,x−x^)≤0(y−x^,x−x^)≤0
point

then

∃∃

a

from

y,

and

only

Proof
Existence of closest point

S≠ϕ,∃S≠ϕ,∃ a point x^∈Sx^∈S such that the minimum distance of S from y is less
than or equal to ∥y−x^∥‖y−x^‖.
Define S^=S∩{x:∥y−x∥≤∥y−x^∥}S^=S∩{x:‖y−x‖≤‖y−x^‖}
Since S^S^ is closed and bounded, and since norm is a continuous function, then by
Weierstrass
theorem,
there
exists
a
minimum
point
x^∈Sx^∈S such
that ∥y−x^∥=Inf{∥y−x∥,x∈S}‖y−x^‖=Inf{‖y−x‖,x∈S}
Since

Uniqueness

x¯∈Sx¯∈S such that ∥y−x^∥=∥y−x^∥=α‖y−x^‖=‖y−x^‖=α
Since S is convex, x^+x¯2∈Sx^+x¯2∈S
But, ∥∥y−x^−x¯2∥∥≤12∥y−x^∥+12∥y−x¯∥=α‖y−x^−x¯2‖≤12‖y−x^‖+12‖y−x¯‖=α
It can't be strict inequality because x^x^ is closest to y.
Therefore, ∥y−x^∥=μ∥y−x^∥‖y−x^‖=μ‖y−x^‖, for some μμ
Now
∥μ∥=1.‖μ‖=1.
If
μ=−1μ=−1,
then (y−x^)=−(y−x^)⇒y=x^+x¯2∈S(y−x^)=−(y−x^)⇒y=x^+x¯2∈S
But y∈Sy∈S. Hence contradiction. Thus μ=1⇒x^=x¯μ=1⇒x^=x¯
Suppose

Thus, minimizing point is unique.
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(y−x^)τ(x−x¯)≤0(y−x^)τ(x−x¯)≤0 for all x∈Sx∈S

Now,

∥y−x∥2=∥y−x^+x^−x∥2=∥y−x^∥2+∥x^−x∥2+2(x^−x)τ(y−x^)‖y−x‖2=‖y−x^+x^−x‖2
=‖y−x^‖2+‖x^−x‖2+2(x^−x)τ(y−x^)

⇒∥y−x∥2≥∥y−x^∥2⇒‖y−x‖2≥‖y−x^‖2 because ∥x^−x∥2≥0‖x^−x‖2≥0
^)≥0(x^−x)T(y−x^)≥0
Thus, x^x^ is minimizing point.
Conversely, assume x^x^ is minimizimg point.
⇒∥y−x∥2≥∥y−x^∥2∀x∈S⇒‖y−x‖2≥‖y−x^‖2∀x∈S

and

(x^−x)T(y−x

Since S is convex set.

⇒λx+(1−λ)x^=x^+λ(x−x^)∈S⇒λx+(1−λ)x^=x^+λ(x−x^)∈S

for

x∈Sx∈S

and

λ∈(0,1)

λ∈(0,1)
Now,

∥y−x^−λ(x−x^)∥2≥∥y−x^∥2‖y−x^−λ(x−x^)‖2≥‖y−x^‖2

And

∥y−x^−λ(x−x^)∥2=∥y−x^∥2+λ2∥x−x^∥2−2λ(y−x^)T(x−x^)‖y−x^−λ(x−x^)‖2=‖y−x^‖
2+λ2‖x−x^‖2−2λ(y−x^)T(x−x^)

⇒∥y−x^∥2+λ2∥x−x^∥−2λ(y−x^)T(x−x^)≥∥y−x^∥2⇒‖y−x^‖2+λ2‖x−x^‖−2λ(y−x^)T(x
−x^)≥‖y−x^‖2

⇒2λ(y−x^)T(x−x^)≤λ2∥x−x^∥2⇒2λ(y−x^)T(x−x^)≤λ2‖x−x^‖2
⇒(y−x^)T(x−x^)≤0⇒(y−x^)T(x−x^)≤0
Hence Proved.

Fundamental Separation Theorem
RnRn and y∉Sy∉S. Then, there exists a non zero
vector pp and scalar ββ such that pTy>βpTy>β and pTx<βpTx<β for each x∈Sx∈S
Let S be a non-empty closed, convex set in

Proof
Since S is non empty closed convex set and
exists a unique minimizing point

y∉Sy∉S

thus by closest point theorem, there

x^∈Sx^∈S such that

(x−x^)T(y−x^)≤0∀x∈S(x−x^)T(y−x^)≤0∀x∈S
Let p=(y−x^)≠0p=(y−x^)≠0 and β=x^T(y−x^)=pTx^β=x^T(y−x^)=pTx^.
Then (x−x^)T(y−x^)≤0(x−x^)T(y−x^)≤0
⇒(y−x^)T(x−x^)≤0⇒(y−x^)T(x−x^)≤0
⇒(y−x^)Tx≤(y−x^)Tx^=x^T(y−x^)⇒(y−x^)Tx≤(y−x^)Tx^=x^T(y−x^) i,e., pTx≤βpTx≤
β

pTy−β=(y−x^)Ty−x^T(y−x^)pTy−β=(y−x^)Ty−x^T(y−x^)
=(y−x^)T(y−x)=∥y−x^∥2>0=(y−x^)T(y−x)=‖y−x^‖2>0
⇒pTy>β⇒pTy>β
Also,
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This theorem results in separating hyperplanes. The hyperplanes based on the above theorem
can be defined as follows −
Let

S1S1 and S2S2 are be non-empty subsets of RR and H={X:ATX=b}H={X:ATX=b} be a

hyperplane.


The

hyperplane

separate

H

is

said

to

S1S1 and S2S2 if ATX≤b∀X∈S1ATX≤b∀X∈S1and ATX≥b∀X∈S2ATX≥

b∀X∈S2


The

hyperplane

separate

H

is

said

to

strictly

S1S1 and S2S2 if ATX<b∀X∈S1ATX<b∀X∈S1 and ATX>b∀X∈S2ATX

>b∀X∈S2


The

hyperplane

is

said

S2S2 if ATX≤b∀X∈S1ATX≤b∀X∈S1
TX≥b+ε∀X∈S2, where εε is a positive scalar.
separate

S1S1

H

and

to
and

strongly

ATX≥b+ε∀X∈S2A

Convex Optimization - Cones
A
if

non

empty

set

C

in

RnRn

is

said

to

be

cone

with

vertex

0

x∈C⇒λx∈C∀λ≥0x∈C⇒λx∈C∀λ≥0.

A set C is a convex cone if it convex as well as cone.
For example,

y=|x|y=|x| is not a convex cone because it is not convex.

y≥|x|y≥|x| is a convex cone because it is convex as well as cone.
Note − A cone C is convex if and only if for any x,y∈C,x+y∈Cx,y∈C,x+y∈C.
But,

Proof
x,y∈C⇒λx∈Cx,y∈C⇒λx∈C and μy∈C∀λ,μ≥0μy∈C∀λ,μ≥0
C is convex if λx+(1−λ)y∈C∀λ∈(0,1)λx+(1−λ)y∈C∀λ∈(0,1)
Since C is cone, λx∈Cλx∈C and (1−λ)y∈C⇔x,y∈C(1−λ)y∈C⇔x,y∈C
Thus C is convex if x+y∈Cx+y∈C
In general, if x1,x2∈Cx1,x2∈C, then, λ1x1+λ2x2∈C,∀λ1,λ2≥0λ1x1+λ2x2∈C,∀λ1,λ2≥0
Since C is cone, for

Examples
RnRn is a convex cone.



The conic combination of infinite set of vectors in



Any empty set is a convex cone.



Any linear function is a convex cone.



Since a hyperplane is linear, it is also a convex cone.



Closed half spaces are also convex cones.

Note − The intersection of two convex cones is a convex cone but their union may or may not
be a convex cone.
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Convex Optimization - Polar Cone
Let S be a non empty set in
by

RnRn

Then, the polar cone of S denoted by

S∗S∗

is given

S∗={p∈Rn,pTx≤0∀x∈S}S∗={p∈Rn,pTx≤0∀x∈S}.

Remark


Polar cone is always convex even if S is not convex.



If S is empty set,



Polarity may be seen as a generalisation of orthogonality.

S∗=RnS∗=Rn.

C⊆RnC⊆Rn
then
the
orthogonal
by C⊥={y∈Rn:⟨x,y⟩=0∀x∈C}C⊥={y∈Rn:⟨x,y⟩=0∀x∈C}.
Let

space

of

C,

denoted

Lemma
Let

S,S1S,S1 and S2S2 be non empty sets in RnRn then the following statements are true

−




S∗S∗ is a closed convex cone.
S⊆S∗∗S⊆S∗∗ where S∗∗S∗∗ is a polar cone of S∗S∗.
S1⊆S2⇒S∗2⊆S∗1S1⊆S2⇒S2∗⊆S1∗.

Proof
S∗={p∈Rn,pTx≤0∀x∈S}S∗={p∈Rn,pTx≤0∀x∈S}
Let x1,x2∈S∗⇒xT1x≤0x1,x2∈S∗⇒x1Tx≤0 and xT2x≤0,∀x∈Sx2Tx≤0,∀x∈S
For λ∈(0,1),[λx1+(1−λ)x2]Tx=[(λx1)T+{(1−λ)x2}T]x,∀x∈Sλ∈(0,1),[λx1+(1−λ)x

Step 1 −


2]Tx=[(λx1)T+{(1−λ)x2}T]x,∀x∈S

=[λxT1+(1−λ)xT2]x=λxT1x+(1−λ)xT2≤0=[λx1T+(1−λ)x2T]x=λx1Tx+(1−λ)x2T≤
0

λx1+(1−λ)x2∈S∗λx1+(1−λ)x2∈S∗
Therefore S∗S∗ is a convex set.
For λ≥0,pTx≤0,∀x∈Sλ≥0,pTx≤0,∀x∈S
Therefore, λpTx≤0,λpTx≤0,
⇒(λp)Tx≤0⇒(λp)Tx≤0
⇒λp∈S∗⇒λp∈S∗
Thus, S∗S∗ is a cone.
To show S∗S∗ is closed, i.e., to show if pn→ppn→p as n→∞n→∞, then p∈S∗p∈S∗
∀x∈S,pTnx−pTx=(pn−p)Tx∀x∈S,pnTx−pTx=(pn−p)Tx
As pn→ppn→p as n→∞⇒(pn→p)→0n→∞⇒(pn→p)→0
Therefore pTnx→pTxpnTx→pTx. But pTnx≤0,∀x∈SpnTx≤0,∀x∈S
Thus, pTx≤0,∀x∈SpTx≤0,∀x∈S
⇒p∈S∗⇒p∈S∗
Hence, S∗S∗ is closed.
Thus
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S∗∗={q∈Rn:qTp≤0,∀p∈S∗}S∗∗={q∈Rn:qTp≤0,∀p∈S∗}
Let x∈Sx∈S, then ∀p∈S∗,pTx≤0⇒xTp≤0⇒x∈S∗∗∀p∈S∗,pTx≤0⇒xTp≤0⇒x∈S∗∗
Thus, S⊆S∗∗S⊆S∗∗
Step 3 − S∗2={p∈Rn:pTx≤0,∀x∈S2}S2∗={p∈Rn:pTx≤0,∀x∈S2}
Since S1⊆S2⇒∀x∈S2⇒∀x∈S1S1⊆S2⇒∀x∈S2⇒∀x∈S1
Therefore, if p^∈S∗2,p^∈S2∗,then p^Tx≤0,∀x∈S2p^Tx≤0,∀x∈S2
⇒p^Tx≤0,∀x∈S1⇒p^Tx≤0,∀x∈S1
⇒p^T∈S∗1⇒p^T∈S1∗
⇒S∗2⊆S∗1⇒S2∗⊆S1∗
Step 2 −

Theorem
Let C be a non empty closed convex cone, then

C=C∗∗C=C∗∗

Proof
C=C∗∗C=C∗∗ by previous lemma.
To prove : x∈C∗∗⊆Cx∈C∗∗⊆C
Let x∈C∗∗x∈C∗∗ and let x∉Cx∉C
Then by fundamental separation theorem, there exists a vector

p≠0p≠0 and a scalar αα such

pTy≤α,∀y∈CpTy≤α,∀y∈C
Therefore, pTx>αpTx>α
But since (y=0)∈C(y=0)∈C and pTy≤α,∀y∈C⇒α≥0pTy≤α,∀y∈C⇒α≥0 and pTx>0pTx>0
If
p∉C∗p∉C∗,
then
there
exists
some
y¯∈Cy¯∈C
such
that pTy¯>0pTy¯>0 and pT(λy¯)pT(λy¯) can be made arbitrarily large by
taking λλ sufficiently large.
This contradicts with the fact that pTy≤α,∀y∈CpTy≤α,∀y∈C
Therefore,p∈C∗p∈C∗
Since x∈C∗={q:qTp≤0,∀p∈C∗}x∈C∗={q:qTp≤0,∀p∈C∗}
Therefore, xTp≤0⇒pTx≤0xTp≤0⇒pTx≤0
But pTx>αpTx>α
that

Thus is contardiction.

x∈Cx∈C
Hence C=C∗∗C=C∗∗.
Thus,

Convex Optimization - Conic Combination
A

point

of

the

form α1x1+α2x2+....+αnxnα1x1+α2x2+....+αnxn with α1,α2,...,αn≥0α1,α2,...,αn≥0 is
called conic combination of

x1,x2,...,xn.x1,x2,...,xn.

xixi are in convex cone C, then every conic combination of xixi is also in C.



If



A set C is a convex cone if it contains all the conic combination of its elements.
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Conic Hull
A conic hull is defined as a set of all conic combinations of a given set S and is denoted by
coni(S).
Thus,

coni(S)={∑i=1kλixi:xi∈S,λi∈R,λi≥0,i=1,2,...}coni(S)={∑i=1kλixi:xi∈S,λi∈R,λi≥

0,i=1,2,...}


The conic hull is a convex set.



The origin always belong to the conic hull.

Convex Optimization - Polyhedral Set
A set in

RnRn is said to be polyhedral if it is the intersection of a finite number of closed half

spaces, i.e.,

S={x∈Rn:pTix≤αi,i=1,2,....,n}S={x∈Rn:piTx≤αi,i=1,2,....,n}
For example,




{x∈Rn:AX=b}{x∈Rn:AX=b}
{x∈Rn:AX≤b}{x∈Rn:AX≤b}
{x∈Rn:AX≥b}{x∈Rn:AX≥b}

Polyhedral Cone
RnRn is said to be polyhedral cone if it is the intersection of a finite number of half
spaces that contain the origin, i.e., S={x∈Rn:pTix≤0,i=1,2,...}S={x∈Rn:piTx≤0,i=1,2,...}
A set in

Polytope
A polytope is a polyhedral set which is bounded.

Remarks


A polytope is a convex hull of a finite set of points.



A polyhedral cone is generated by a finite set of vectors.



A polyhedral set is a closed set.



A polyhedral set is a convex set.

Extreme point of a convex set
x∈Sx∈S is said to be a extreme point of S
if x=λx1+(1−λ)x2x=λx1+(1−λ)x2 with x1,x2∈Sx1,x2∈S and λ∈(0,1)⇒x=x1=x2λ∈(0,1
Let S be a convex set in

RnRn.

A vector

)⇒x=x1=x2.

Example
S={(x1,x2)∈R2:x21+x22≤1}S={(x1,x2)∈R2:x12+x22≤1}
Extreme point, E={(x1,x2)∈R2:x21+x22=1}E={(x1,x2)∈R2:x12+x22=1}
Step 1 −

THANKS FOR READING – VISIT OUR WEBSITE www.educatererindia.com

GAUTAM SINGH

STUDY MATERIAL – Additional Material

0 7830294949

Step
2 −

S={(x1,x2)∈R2:x1+x2<2,−x1+2x2≤2,x1,x2≥0}S={(x1,x2)∈R2:x1+x2<2,−x1+2x2

≤2,x1,x2≥0}
Extreme point,
Step

3

E={(0,0),(2,0),(0,1),(23,43)}E={(0,0),(2,0),(0,1),(23,43)}
−

S

is

the

polytope

made

by

the

{(0,0),(1,1),(1,3),(−2,4),(0,2)}{(0,0),(1,1),(1,3),(−2,4),(0,2)}
Extreme point, E={(0,0),(1,1),(1,3),(−2,4)}E={(0,0),(1,1),(1,3),(−2,4)}
points

Remarks


Any point of the convex set S, can be represented as a convex combination of its extreme
points.



It is only true for closed and bounded sets in



It may not be true for unbounded sets.

RnRn.

k extreme points
A point in a convex set is called k extreme if and only if it is the interior point of a k-dimensional
convex set within S, and it is not an interior point of a (k+1)- dimensional convex set within S.
Basically, for a convex set S, k extreme points make k-dimensional open faces.

Convex Optimization - Direction
RnRn. A non zero vector d∈Rnd∈Rn is called a direction of S
if for each x∈S,x+λd∈S,∀λ≥0.x∈S,x+λd∈S,∀λ≥0.
 Two directions d1d1 and d2d2 of S are called distinct if d≠αd2d≠αd2 for α>0α>0.
 A direction dd of SS is said to be extreme direction if it cannot be written as a positive
Let S be a closed convex set in

linear

combination

of

d=λ1d1+λ2d2d=λ1d1+λ2d2
some αα.
if

two
for

distinct

λ1,λ2>0λ1,λ2>0,

directions,
then

i.e.,

d1=αd2d1=αd2

for



Any other direction can be expressed as a positive combination of extreme directions.



For a convex set SS, the direction d such that x+λd∈Sx+λd∈S for some x∈Sx∈S and
all



λ≥0λ≥0 is called recessive for SS.

Let E be the set of the points where a certain function
convex set S in

f:S→f:S→

over a non-empty

RnRn attains its maximum, then EE is called exposed face of SS. The

directions of exposed faces are called exposed directions.


A ray whose direction is an extreme direction is called an extreme ray.

Example
Consider the function
in

f(x)=y=|x|f(x)=y=|x|,

where

x∈Rnx∈Rn.

Let d be unit vector

RnRn

Then, d is the direction for the function f because for any

λ≥0,x+λd∈f(x)λ≥0,x+λd∈f(x).
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Convex and Concave Function
Let f:S→Rf:S→R, where S is non empty convex set in RnRn, then f(x)f(x) is said to be convex
on
if

S

f(λx1+(1−λ)x2)≤λf(x1)+(1−λ)f(x2),∀λ∈(0,1)f(λx1+(1−λ)x2)≤λf(x1)+(1−λ)f(x2),∀λ∈(0,

1).
On the other hand, Let

f:S→Rf:S→R,

where S is non empty convex set in

RnRn,

f(x)f(x)
is
said
to
be
concave
on
S
f(λx1+(1−λ)x2)≥λf(x1)+(1−λ)f(x2),∀λ∈(0,1)f(λx1+(1−λ)x2)≥λf(x1)+(1−λ)f(x2),∀λ∈(0,

then
if

1).
Let f:S→Rf:S→R where S is non empty convex set in RnRn, then f(x)f(x) is said to be strictly
convex
if

on

S

f(λx1+(1−λ)x2)<λf(x1)+(1−λ)f(x2),∀λ∈(0,1)f(λx1+(1−λ)x2)<λf(x1)+(1−λ)f(x2),∀λ∈(0

,1).
Let f:S→Rf:S→R where S is non empty convex set in RnRn, then f(x)f(x) is said to be strictly
concave
if

on

S

f(λx1+(1−λ)x2)>λf(x1)+(1−λ)f(x2),∀λ∈(0,1)f(λx1+(1−λ)x2)>λf(x1)+(1−λ)f(x2),∀λ∈(0

,1).

Examples


A linear function is both convex and concave.



f(x)=|x|f(x)=|x| is a convex function.
f(x)=1xf(x)=1x is a convex function.



Theorem
f1,f2,...,fk:Rn→Rf1,f2,...,fk:Rn→R be convex functions. Consider
function f(x)=∑j=1kαjfj(x)f(x)=∑j=1kαjfj(x) where αj>0,j=1,2,...k,αj>0,j=1,2,...k,
f(x)f(x)is a convex function.
Let

the
then

Proof
Since f1,f2,...fkf1,f2,...fk are convex functions
Therefore, fi(λx1+(1−λ)x2)≤λfi(x1)+(1−λ)fi(x2),∀λ∈(0,1)fi(λx1+(1−λ)x2)≤λfi(x1)+(1−λ)

fi(x2),∀λ∈(0,1)and i=1,2,....,ki=1,2,....,k
Consider the function

f(x)f(x).

Therefore,

f(λx1+(1−λ)x2)f(λx1+(1−λ)x2)
=∑j=1kαjfj(λx1+1−λ)x2≤∑j=1kαjλfj(x1)+(1−λ)fj(x2)=∑j=1kαjfj(λx1+1−λ)x2≤∑j=1kαjλf
j(x1)+(1−λ)fj(x2)

⇒f(λx1+(1−λ)x2)≤λ(∑j=1kαjfj(x1))+(∑j=1kαjfj(x2))⇒f(λx1+(1−λ)x2)≤λ(∑j=1kαjfj(x1))+(
∑j=1kαjfj(x2))
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⇒f(λx1+(1−λ)x2)≤λf(x2)≤(1−λ)f(x2)⇒f(λx1+(1−λ)x2)≤λf(x2)≤(1−λ)f(x2)
Hence, f(x)f(x) is a convex function.

Theorem
Let f(x)f(x) be a convex function on a convex set S⊂RnS⊂Rn then a local minima of f(x)f(x) on
S is a global minima.

Proof

x^x^ be a local minima for f(x)f(x) and x^x^ is not global minima.
therefore, ∃x^∈S∃x^∈S such that f(x¯)<f(x^)f(x¯)<f(x^)
Since x^x^ is a local minima, there exists neighbourhood Nε(x^)Nε(x^) such
that f(x^)≤f(x),∀x∈Nε(x^)∩Sf(x^)≤f(x),∀x∈Nε(x^)∩S
But f(x)f(x) is a convex function on S, therefore for λ∈(0,1)λ∈(0,1)
we have λx^+(1−λ)x¯≤λf(x^)+(1−λ)f(x¯)λx^+(1−λ)x¯≤λf(x^)+(1−λ)f(x¯)
⇒λx^+(1−λ)x¯<λf(x^)+(1−λ)f(x^)⇒λx^+(1−λ)x¯<λf(x^)+(1−λ)f(x^)
⇒λx^+(1−λ)x¯<f(x^),∀λ∈(0,1)⇒λx^+(1−λ)x¯<f(x^),∀λ∈(0,1)
But for some λ<1λ<1 but close to 1, we have
λx^+(1−λ)x¯∈Nε(x^)∩Sλx^+(1−λ)x¯∈Nε(x^)∩S and f(λx^+(1−λ)x¯)<f(x¯)f(λx^+(1−
Let

λ)x¯)<f(x¯)
which is a contradiction.
Hence,

x¯x¯ is a global minima.

Epigraph

RnRn and let f:S→Rf:S→R then the epigraph of f denoted by
epi(f)
or
EfEf
is
a
subset
of
Rn+1Rn+1
defined
by Ef={(x,α):x∈Rn,α∈R,f(x)≤α}Ef={(x,α):x∈Rn,α∈R,f(x)≤α}
let S be a non-empty subset in

Hypograph

RnRn and let f:S→Rf:S→R, then the hypograph of f denoted
by hyp(f) or Hf={(x,α):x∈Rn,α∈Rn,α∈R,f(x)≥α}Hf={(x,α):x∈Rn,α∈Rn,α∈R,f(x)≥α}
let S be a non-empty subset in

Theorem
Let S be a non-empty convex set in
only if its epigraph

RnRn and

let

f:S→Rnf:S→Rn, then f is convex if and

EfEf is a convex set.

Proof
Let f is a convex function.

EfEf is a convex set.
Let (x1,α1),(x2,α2)∈Ef,λ∈(0,1)(x1,α1),(x2,α2)∈Ef,λ∈(0,1)
To show λ(x1,α1)+(1−λ)(x2,α2)∈Efλ(x1,α1)+(1−λ)(x2,α2)∈Ef
⇒[λx1+(1−λ)x2,λα1+(1−λ)α2]∈Ef⇒[λx1+(1−λ)x2,λα1+(1−λ)α2]∈Ef
f(x1)≤α1,f(x2)≤α2f(x1)≤α1,f(x2)≤α2
To show
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f(λx1+(1−λ)x2)≤λf(x1)+(1−λ)f(x2)f(λx1+(1−λ)x2)≤λf(x1)+(1−λ)f(x2)
⇒f(λx1+(1−λ)x2)≤λα1+(1−λ)α2⇒f(λx1+(1−λ)x2)≤λα1+(1−λ)α2
Therefore,

Converse
Let

EfEf is a convex set.

To show f is convex.

x1,x2∈S,λ(0,1)x1,x2∈S,λ(0,1)
f(λx1+(1−λ)x2)≤λf(x1)+(1−λ)f(x2)f(λx1+(1−λ)x2)≤λf(x1)+(1−λ)f(x2)
Let x1,x2∈S,λ∈(0,1),f(x1),f(x2)∈Rx1,x2∈S,λ∈(0,1),f(x1),f(x2)∈R
Since
EfEf
is
a
set, (λx1+(1−λ)x2,λf(x1)+(1−λ))f(x2)∈Ef(λx1+(1−λ)x2,λf(x1)+(1−λ))f(x2)∈Ef
Therefore, f(λx1+(1−λ)x2)≤λf(x1)+(1−λ)f(x2)f(λx1+(1−λ)x2)≤λf(x1)+(1−λ)f(x2)
i.e., to show if

convex

Convex Optimization - Jensen's Inequality
Let S be a non-empty convex set in

RnRn and f:S→Rnf:S→Rn. Then f is convex if and only

k>0k>0
x1,x2,...xk∈S,∑i=1kλi=1,λi≥0,∀i=1,2,s,kx1,x2,...xk∈S,∑i=1kλi=1,λi≥0,∀i=1,2,s,k,
we have f(∑i=1kλixi)≤∑i=1kλif(x)f(∑i=1kλixi)≤∑i=1kλif(x)
if for each integer

Proof
By induction on k.

k=1:x1∈Sk=1:x1∈S Therefore f(λ1x1)≤λif(x1)f(λ1x1)≤λif(x1) because λi=1λi=1.
k=2:λ1+λ2=1k=2:λ1+λ2=1 and x1,x2∈Sx1,x2∈S
Therefore, λ1x1+λ2x2∈Sλ1x1+λ2x2∈S
Hence by definition, f(λ1x1+λ2x2)≤λ1f(x1)+λ2f(x2)f(λ1x1+λ2x2)≤λ1f(x1)+λ2f(x2)
Let the statement is true for n<kn<k
Therefore,

f(λ1x1+λ2x2+....+λkxk)≤λ1f(x1)+λ2f(x2)+...+λkf(xk)f(λ1x1+λ2x2+....+λkxk)≤λ1f(x1)
+λ2f(x2)+...+λkf(xk)

k=n+1:k=n+1: Let x1,x2,....xn,xn+1∈Sx1,x2,....xn,xn+1∈S and ∑i=1n+1=1∑i=1n+1=
1
Therefore

μ1x1+μ2x2+.......+μnxn+μn+1xn+1∈Sμ1x1+μ2x2+.......+μnxn+μn+1xn+1

∈S
thus,f(μ1x1+μ2x2+...+μnxn+μn+1xn+1)f(μ1x1+μ2x2+...+μnxn+μn+1xn+1)

=f((μ1+μ2+...+μn)μ1x1+μ2x2+...+μnxnμ1+μ2+μ3+μn+1xn+1)=f((μ1+μ2+...+μn)μ1x1+μ2x2
+...+μnxnμ1+μ2+μ3+μn+1xn+1)

=f(μy+μn+1xn+1)=f(μy+μn+1xn+1) where μ=μ1+μ2+...+μnμ=μ1+μ2+...+μn and
y=μ1x1+μ2x2+...+μnxnμ1+μ2+...+μny=μ1x1+μ2x2+...+μnxnμ1+μ2+...+μn
also μ1+μn+1=1,y∈Sμ1+μn+1=1,y∈S
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⇒f(μ1x1+μ2x2+...+μnxn+μn+1xn+1)≤μf(y)+μn+1f(xn+1)⇒f(μ1x1+μ2x2+...+μnxn+μ
n+1xn+1)≤μf(y)+μn+1f(xn+1)

⇒f(μ1x1+μ2x2+...+μnxn+μn+1xn+1)≤⇒f(μ1x1+μ2x2+...+μnxn+μn+1xn+1)≤
(μ1+μ2+...+μn)f(μ1x1+μ2x2+...+μnxnμ1+μ2+...+μn)+μn+1f(xn+1)(μ1+μ2+...+μn)f(μ1x1+μ2
x2+...+μnxnμ1+μ2+...+μn)+μn+1f(xn+1)

⇒f(μ1x1+μ2x2+...+μnxn+μn+1xn+1)≤(μ1+μ2+...+μn)⇒f(μ1x1+μ2x2+...+μnxn+μn
+1xn+1)≤(μ1+μ2+...+μn)

[μ1μ1+μ2+...+μnf(x1)+...+μnμ1+μ2+...+μnf(xn)]+μn+1f(xn+1)[μ1μ1+μ2+...+μnf(x1)+...+μnμ
1+μ2+...+μnf(xn)]+μn+1f(xn+1)

⇒f(μ1x1+μ2x2+...+μnxn+μn+1xn+1)≤μ1f(x1)+μ2f(x2)+....⇒f(μ1x1+μ2x2+...+μnxn
+μn+1xn+1)≤μ1f(x1)+μ2f(x2)+....
Hence Proved.

Convex Optimization - Differentiable Function
Let S be a non-empty open set in

RnRn,then f:S→Rf:S→R is
vector ▽f(x^)▽f(x^) called

said to be differentiable

x^∈Sx^∈S if there exist a
gradient
function α:Rn→Rα:Rn→R such that
f(x)=f(x^)+▽f(x^)T(x−x^)+∥x=x^∥α(x^,x−x^),∀x∈Sf(x)=f(x^)+▽
at

vector and a

f(x^)T(x−x^)+‖x=x^‖α(x^,x−x^),∀x∈S where

α(x^,x−x^)→0▽f(x^)=[∂f∂x1∂f∂x2...∂f∂xn]Tx=x^α(x^,x−x^)→0▽
f(x^)=[∂f∂x1∂f∂x2...∂f∂xn]x=x^T

Theorem
RnRn and let f:S→Rf:S→R be differentiable on S.
x1,x2∈S,▽f(x2)T(x1−x2)≤f(x1)−f(x2)x1,x2∈S,▽

let S be a non-empty, open convexset in
Then, f is convex if and only if for

f(x2)T(x1−x2)≤f(x1)−f(x2)

Proof

x1,x2∈S,λ∈(0,1)x1,x2∈S,λ∈(0,1)
f[λx1+(1−λ)x2]≤λf(x1)+(1−λ)f(x2)f[λx1+(1−λ)x2]≤λf(x1)+(1−λ)f(x2)
⇒f[λx1+(1−λ)x2]≤λ(f(x1)−f(x2))+f(x2)⇒f[λx1+(1−λ)x2]≤λ(f(x1)−f(x2))+f(x2)
⇒λ(f(x1)−f(x2))≥f(x2+λ(x1−x2))−f(x2)⇒λ(f(x1)−f(x2))≥f(x2+λ(x1−x2))−f(x2)
⇒λ(f(x1)−f(x2))≥f(x2)+▽f(x2)T(x1−x2)λ+⇒λ(f(x1)−f(x2))≥f(x2)+▽f(x2)T(x1−x2)λ+
∥λ(x1−x2)∥α(x2,λ(x1−x2)−f(x2))‖λ(x1−x2)‖α(x2,λ(x1−x2)−f(x2))
where α(x2,λ(x1−x2))→0α(x2,λ(x1−x2))→0 asλ→0λ→0
Dividing by λλ on both sides, we get −
f(x1)−f(x2)≥▽f(x2)T(x1−x2)f(x1)−f(x2)≥▽f(x2)T(x1−x2)
Let f be a convex function. i.e., for

Converse
Let for

x1,x2∈S,▽f(x2)T(x1−x2)≤f(x1)−f(x2)x1,x2∈S,▽f(x2)T(x1−x2)≤f(x1)−f(x2)
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To show that f is convex.
Since S is convex,

x3=λx1+(1−λ)x2∈S,λ∈(0,1)x3=λx1+(1−λ)x2∈S,λ∈(0,1)

x1,x3∈Sx1,x3∈S, therefore
f(x1)−f(x3)≥▽f(x3)T(x1−x3)f(x1)−f(x3)≥▽f(x3)T(x1−x3)
⇒f(x1)−f(x3)≥▽f(x3)T(x1−λx1−(1−λ)x2)⇒f(x1)−f(x3)≥▽f(x3)T(x1−λx1−(1−λ)x2)
⇒f(x1)−f(x3)≥(1−λ)▽f(x3)T(x1−x2)⇒f(x1)−f(x3)≥(1−λ)▽f(x3)T(x1−x2)
Since, x2,x3∈Sx2,x3∈S therefore
f(x2)−f(x3)≥▽f(x3)T(x2−x3)f(x2)−f(x3)≥▽f(x3)T(x2−x3)
⇒f(x2)−f(x3)≥▽f(x3)T(x2−λx1−(1−λ)x2)⇒f(x2)−f(x3)≥▽f(x3)T(x2−λx1−(1−λ)x2)
⇒f(x2)−f(x3)≥(−λ)▽f(x3)T(x1−x2)⇒f(x2)−f(x3)≥(−λ)▽f(x3)T(x1−x2)
Since

Thus, combining the above equations, we get −

λ(f(x1)−f(x3))+(1−λ)(f(x2)−f(x3))≥0λ(f(x1)−f(x3))+(1−λ)(f(x2)−f(x3))≥0
⇒f(x3)≤λf(x1)+(1−λ)f(x2)⇒f(x3)≤λf(x1)+(1−λ)f(x2)

Theorem
RnRn and let f:S→Rf:S→R be differentiable on S,
then f is convex on S if and only if for any x1,x2∈S,(▽f(x2)−▽f(x1))T(x2−x1)≥0x1,x2∈S,(
let S be a non-empty open convex set in

▽f(x2)−▽f(x1))T(x2−x1)≥0

Proof
let f be a convex function, then using the previous theorem −

▽f(x2)T(x1−x2)≤f(x1)−f(x2)▽f(x2)T(x1−x2)≤f(x1)−f(x2) and
▽f(x1)T(x2−x1)≤f(x2)−f(x1)▽f(x1)T(x2−x1)≤f(x2)−f(x1)
Adding the above two equations, we get −

▽f(x2)T(x1−x2)+▽f(x1)T(x2−x1)≤0▽f(x2)T(x1−x2)+▽f(x1)T(x2−x1)≤0
⇒(▽f(x2)−▽f(x1))T(x1−x2)≤0⇒(▽f(x2)−▽f(x1))T(x1−x2)≤0
⇒(▽f(x2)−▽f(x1))T(x2−x1)≥0⇒(▽f(x2)−▽f(x1))T(x2−x1)≥0
Converse
Let for any

x1,x2∈S,(▽f(x2)−▽f(x1))T(x2−x1)≥0x1,x2∈S,(▽f(x2)−▽f(x1))T(x2−x1)≥0

To show that f is convex.

x1,x2∈Sx1,x2∈S, thus by mean value
f(x),x∈(x1−x2)⇒x=λx1+(1−λ)x2f(x1)−f(x2)x1−x2=▽
Let

theorem,

f(x1)−f(x2)x1−x2=▽

f(x),x∈(x1−x2)⇒x=λx1+(1−λ)x2 because S is a convex set.
⇒f(x1)−f(x2)=(▽f(x)T)(x1−x2)⇒f(x1)−f(x2)=(▽f(x)T)(x1−x2)
for

x,x1x,x1, we know −
(▽f(x)−▽f(x1))T(x−x1)≥0(▽f(x)−▽f(x1))T(x−x1)≥0
⇒(▽f(x)−▽f(x1))T(λx1+(1−λ)x2−x1)≥0⇒(▽f(x)−▽f(x1))T(λx1+(1−λ)x2−x1)≥0
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⇒(▽f(x)−▽f(x1))T(1−λ)(x2−x1)≥0⇒(▽f(x)−▽f(x1))T(1−λ)(x2−x1)≥0
⇒▽f(x)T(x2−x1)≥▽f(x1)T(x2−x1)⇒▽f(x)T(x2−x1)≥▽f(x1)T(x2−x1)
Combining the above equations, we get −

⇒▽f(x1)T(x2−x1)≤f(x2)−f(x1)⇒▽f(x1)T(x2−x1)≤f(x2)−f(x1)
Hence using the last theorem, f is a convex function.

Twice Differentiable function
Let S be a non-empty subset of

RnRn

x¯∈Sx¯∈S
f(x¯),anXn matrix H(x)H(x)(called
differentiable

at

if

and let
there

f:S→Rf:S→R
exists

Hessian matrix) and

that

then f is said to be twice

▽f(x¯),anXn▽
a function α:Rn→Rα:Rn→R such
f(x)=f(x¯+x−x¯)=f(x¯)+▽
a

vector

f(x¯)T(x−x¯)+12(x−x¯)H(x¯)(x−x¯)f(x)=f(x¯+x−x¯)=f(x¯)+▽
f(x¯)T(x−x¯)+12(x−x¯)H(x¯)(x−x¯)
where

α(x¯,x−x¯)→Oasx→x¯α(x¯,x−x¯)→Oasx→x¯

Sufficient & Necessary Conditions for Global
Optima
Theorem
Let f be twice differentiable function. If
the Hessian matrix

x¯x¯ is a local minima, then ▽f(x¯)=0▽f(x¯)=0and

H(x¯)H(x¯) is a positive semidefinite.

Proof
Let

d∈Rnd∈Rn. Since f is twice differentiable at x¯x¯.

Therefore,

f(x¯+λd)=f(x¯)+λ▽f(x¯)Td+λ2dTH(x¯)d+λ2dTH(x¯)d+f(x¯+λd)=f(x¯)+λ▽
f(x¯)Td+λ2dTH(x¯)d+λ2dTH(x¯)d+

λ2∥d∥2β(x¯,λd)λ2‖d‖2β(x¯,λd)
But ▽f(x¯)=0▽f(x¯)=0 and β(x¯,λd)→0β(x¯,λd)→0 as λ→0λ→0
⇒f(x¯+λd)−f(x¯)=λ2dTH(x¯)d⇒f(x¯+λd)−f(x¯)=λ2dTH(x¯)d
Since
x¯x¯
is
a
local
minima,
there
exists
a
δ>0δ>0
that f(x)≤f(x¯+λd),∀λ∈(0,δ)f(x)≤f(x¯+λd),∀λ∈(0,δ)

such

Theorem
f:S→Rnf:S→Rn where S⊂RnS⊂Rn be twice differentiable over S. If ▽f(x)=0▽
f(x)=0and H(x¯)H(x¯) is positive semi-definite, for all x∈Sx∈S, then x¯x¯ is a global optimal
Let

solution.

Proof

H(x¯)H(x¯) is positive semi-definite, f is convex function over S. Since f is differentiable
and convex at x¯x¯
Since
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▽f(x¯)T(x−x¯)≤f(x)−f(x¯),∀x∈S▽f(x¯)T(x−x¯)≤f(x)−f(x¯),∀x∈S
Since ▽f(x¯)=0,f(x)≥f(x¯)▽f(x¯)=0,f(x)≥f(x¯)
Hence, x¯x¯ is a global optima.

Theorem
f:S→Rf:S→R
non-empty subset of RnRn and S is convex. minf(x)minf(x) where x∈Sx∈S.
Suppose

x¯∈Sx¯∈S

is a local optimal solution to the problem

where S is a

Then:



x¯x¯ is a global optimal solution.
If either x¯x¯ is strictly local minima or f is strictly convex function, then x¯x¯ is the
unique global optimal solution and is also strong local minima.

Proof

x¯x¯ be another global optimal solution to the problem such
that x≠x¯x≠x¯ and f(x¯)=f(x^)f(x¯)=f(x^)
Since x^,x¯∈Sx^,x¯∈S and S is convex, then x^+x¯2∈Sx^+x¯2∈S and f is strictly convex.
⇒f(x^+x¯2)<12f(x¯)+12f(x^)=f(x^)⇒f(x^+x¯2)<12f(x¯)+12f(x^)=f(x^)
Let

This is contradiction.
Hence,

x^x^ is a unique global optimal solution.

Corollary
f:S⊂Rn→Rf:S⊂Rn→R be a differentiable convex function where ϕ≠S⊂Rnϕ≠S⊂Rn is
a convex set. Consider the problem minf(x),x∈Sminf(x),x∈S,then x¯x¯ is an optimal
solution if ▽f(x¯)T(x−x¯)≥0,∀x∈S.▽f(x¯)T(x−x¯)≥0,∀x∈S.
Let

Proof

x¯x¯ is an optimal solution, i.e, f(x¯)≤f(x),∀x∈Sf(x¯)≤f(x),∀x∈S
⇒f(x)=f(x¯)≥0⇒f(x)=f(x¯)≥0
f(x)=f(x¯)+▽f(x¯)T(x−x¯)+∥x−x¯∥α(x¯,x−x¯)f(x)=f(x¯)+▽
Let

f(x¯)T(x−x¯)+‖x−x¯‖α(x¯,x−x¯)
where

α(x¯,x−x¯)→0α(x¯,x−x¯)→0 as x→x¯x→x¯
⇒f(x)−f(x¯)=▽f(x¯)T(x−x¯)≥0⇒f(x)−f(x¯)=▽f(x¯)T(x−x¯)≥0

Corollary
Let f be a differentiable convex function at

x¯x¯,then x¯x¯ is global minimum iff ▽f(x¯)=0

▽f(x¯)=0

Examples


f(x)=(x2−1)3,x∈Rf(x)=(x2−1)3,x∈R.
▽f(x)=0⇒x=−1,0,1▽f(x)=0⇒x=−1,0,1.
▽2f(±1)=0,▽2f(0)=6>0▽2f(±1)=0,▽2f(0)=6>0.
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f(±1)=0,f(0)=−1f(±1)=0,f(0)=−1
Hence, f(x)≥−1=f(0)⇒f(0)≤f(x)∀x∈Rf(x)≥−1=f(0)⇒f(0)≤f(x)∀x∈R
f(x)=xlogxf(x)=xlogx defined on S={x∈R,x>0}S={x∈R,x>0}.
f′x=1+logxf′x=1+logx
f′′x=1x>0f″x=1x>0
Thus, this function is strictly convex.



f(x)=ex,x∈Rf(x)=ex,x∈R is strictly convex.

Quasiconvex and Quasiconcave functions
f:S→Rf:S→R where S⊂RnS⊂Rn is a non-empty convex set. The function f is said to be
quasiconvex
if
for
each
x1,x2∈Sx1,x2∈S,
we
have f(λx1+(1−λ)x2)≤max{f(x1),f(x2)},λ∈(0,1)f(λx1+(1−λ)x2)≤max{f(x1),f(x2)},λ∈(0,1)
For example, f(x)=x3f(x)=x3
Let f:S→Rf:S→R where S⊂RnS⊂Rn is a non-empty convex set. The function f is said to be
quasiconvex
if
for
each
x1,x2∈Sx1,x2∈S,
we
have f(λx1+(1−λ)x2)≥min{f(x1),f(x2)},λ∈(0,1)f(λx1+(1−λ)x2)≥min{f(x1),f(x2)},λ∈(0,1)
Let

Remarks


Every convex function is quasiconvex but the converse is not true.



A function which is both quasiconvex and quasiconcave is called quasimonotone.

Theorem
f:S→Rf:S→R and S is a non empty convex set in RnRn. The function f is quasiconvex if
and only if Sα=(x∈S:f(x)≤α}Sα=(x∈S:f(x)≤α} is convex for each real number \alpha$
Let

Proof
Let f is quasiconvex on S.
Let

x1,x2∈Sαx1,x2∈Sα

therefore

x1,x2∈Sx1,x2∈S

and

max{f(x1),f(x2)}≤αmax{f(x1),f(

x2)}≤α

λ∈(0,1)λ∈(0,1)
let x=λx1+(1−λ)x2≤max{f(x1),f(x2)}⇒x∈Sx=λx1+(1−λ)x2≤max{f(x1),f(x2)}⇒x∈S
Thus, f(λx1+(1−λ)x2)≤max{f(x1),f(x2)}≤αf(λx1+(1−λ)x2)≤max{f(x1),f(x2)}≤α
Therefore, SαSα is convex.
Let

Converse

SαSα is convex for each αα
x1,x2∈S,λ∈(0,1)x1,x2∈S,λ∈(0,1)
x=λx1+(1−λ)x2x=λx1+(1−λ)x2
Let x=λx1+(1−λ)x2x=λx1+(1−λ)x2
For x1,x2∈Sα,α=max{f(x1),f(x2)}x1,x2∈Sα,α=max{f(x1),f(x2)}
Let
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⇒λx1+(1−λ)x2∈Sα⇒λx1+(1−λ)x2∈Sα
⇒f(λx1+(1−λ)x2)≤α⇒f(λx1+(1−λ)x2)≤α
Hence proved.

Theorem
f:S→Rf:S→R and S is a non empty convex set in RnRn. The function f is quasiconcave
if and only if Sα={x∈S:f(x)≥α}Sα={x∈S:f(x)≥α} is convex for each real number αα.
Let

Theorem
Let f:S→Rf:S→R and S is a non empty convex set in

RnRn. The function f is quasimonotone
if and only if Sα={x∈S:f(x)=α}Sα={x∈S:f(x)=α} is convex for each real number αα.

Differentiable Quasiconvex Function
Theorem
RnRn and f:S→Rf:S→R be differentiable on S, then f is
quasiconvex if and only if for any x1,x2∈Sx1,x2∈S and f(x1)≤f(x2)f(x1)≤f(x2), we have ▽
f(x2)T(x2−x1)≤0▽f(x2)T(x2−x1)≤0
Let S be a non empty convex set in

Proof
Let f be a quasiconvex function.

x1,x2∈Sx1,x2∈S such that f(x1)≤f(x2)f(x1)≤f(x2)
By differentiability of f at x2,λ∈(0,1)x2,λ∈(0,1)
f(λx1+(1−λ)x2)=f(x2+λ(x1−x2))=f(x2)+▽
f(x2)T(x1−x2)f(λx1+(1−λ)x2)=f(x2+λ(x1−x2))=f(x2)+▽f(x2)T(x1−x2)
+λ∥x1−x2∥α(x2,λ(x1−x2))+λ‖x1−x2‖α(x2,λ(x1−x2))
⇒f(λx1+(1−λ)x2)−f(x2)−f(x2)=▽f(x2)T(x1−x2)⇒f(λx1+(1−λ)x2)−f(x2)−f(x2)=▽
Let

f(x2)T(x1−x2)

+λ∥x1−x2∥α(x2,λ(x1−x2))+λ‖x1−x2‖α(x2,λ(x1−x2))
But since f is quasiconvex, f(λx1+(1−λ)x2)≤f(x2)f(λx1+(1−λ)x2)≤f(x2)
▽f(x2)T(x1−x2)+λ∥x1−x2∥α(x2,λ(x1,x2))≤0▽
f(x2)T(x1−x2)+λ‖x1−x2‖α(x2,λ(x1,x2))≤0

α(x2,λ(x1,x2))→0α(x2,λ(x1,x2))→0 as λ→0λ→0
Therefore, ▽f(x2)T(x1−x2)≤0▽f(x2)T(x1−x2)≤0
But

Converse

x1,x2∈Sx1,x2∈S and f(x1)≤f(x2)f(x1)≤f(x2), ▽f(x2)T(x1,x2)≤0▽f(x2)T(x1,x2)≤0
To show that f is quasiconvex,ie, f(λx1+(1−λ)x2)≤f(x2)f(λx1+(1−λ)x2)≤f(x2)
let for

Proof by contradiction

x3=λx1+(1−λ)x2x3=λx1+(1−λ)x2
that f(x2)<f(x3)f(x2)<f(x3) for some λ∈(0,1)λ∈(0,1)
Suppose

there

exists

an
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x2x2 and x3,▽f(x3)T(x2−x3)≤0x3,▽f(x3)T(x2−x3)≤0
⇒−λ▽f(x3)T(x2−x3)≤0⇒−λ▽f(x3)T(x2−x3)≤0
⇒▽f(x3)T(x1−x2)≥0⇒▽f(x3)T(x1−x2)≥0
For x1x1 and x3,▽f(x3)T(x1−x3)≤0x3,▽f(x3)T(x1−x3)≤0
⇒(1−λ)▽f(x3)T(x1−x2)≤0⇒(1−λ)▽f(x3)T(x1−x2)≤0
⇒▽f(x3)T(x1−x2)≤0⇒▽f(x3)T(x1−x2)≤0
thus, from the above equations, ▽f(x3)T(x1−x2)=0▽f(x3)T(x1−x2)=0
Define U={x:f(x)≤f(x2),x=μx2+(1−μ)x3,μ∈(0,1)}U={x:f(x)≤f(x2),x=μx2+(1−μ)x3,μ∈(0
For

,1)}

x0∈Ux0∈U
such
that x0=μ0x2=μx2+(1−μ)x3x0=μ0x2=μx2+(1−μ)x3 for some μ0∈(0,1)μ0∈(0,1) which
is nearest to x3x3 and x^∈(x0,x1)x^∈(x0,x1) such that by mean value theorem,
f(x3)−f(x0)x3−x0=▽f(x^)f(x3)−f(x0)x3−x0=▽f(x^)
Thus

we

can

find

⇒f(x3)=f(x0)+▽f(x^)T(x3−x0)⇒f(x3)=f(x0)+▽f(x^)T(x3−x0)
⇒f(x3)=f(x0)+μ0λf(x^)T(x1−x2)⇒f(x3)=f(x0)+μ0λf(x^)T(x1−x2)
x0x0 is a combination of x1x1 and x2x2 and f(x2)<f(x^)f(x2)<f(x^)
By repeating the starting procedure, ▽f(x^)T(x1−x2)=0▽f(x^)T(x1−x2)=0
Since

Thus, combining the above equations, we get:

f(x3)=f(x0)≤f(x2)f(x3)=f(x0)≤f(x2)
⇒f(x3)≤f(x2)⇒f(x3)≤f(x2)
Hence, it is contradiction.

Examples

f(x)=X3f(x)=X3
Letf(x1)≤f(x2)Letf(x1)≤f(x2)
⇒x31≤x32⇒x1≤x2⇒x13≤x23⇒x1≤x2
▽f(x2)(x1−x2)=3x22(x1−x2)≤0▽f(x2)(x1−x2)=3x22(x1−x2)≤0
Thus, f(x)f(x) is quasiconvex.
Step 2 − f(x)=x31+x32f(x)=x13+x23
Let x1^=(2,−2)x1^=(2,−2) and x2^=(1,0)x2^=(1,0)
thus, f(x1^)=0,f(x2^)=1⇒f(x1^)∖<f(x2^)f(x1^)=0,f(x2^)=1⇒f(x1^)∖<f(x2^)
Thus, ▽f(x2^)T(x1^−x2^)=(3,0)T(1,−2)=3>0▽f(x2^)T(x1^−x2^)=(3,0)T(1,−2)=3>0
Hence f(x)f(x) is not quasiconvex.
Step 1 −

Strictly Quasiconvex Function
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f:S→Rnf:S→Rn and S be a non-empty convex set in RnRn then f is said to be strictly
quasicovex function if for each x1,x2∈Sx1,x2∈S with f(x1)≠f(x2)f(x1)≠f(x2), we
have f(λx1+(1−λ)x2)<max{f(x1),f(x2)}f(λx1+(1−λ)x2)<max{f(x1),f(x2)}
Let

Remarks


Every strictly quasiconvex function is strictly convex.



Strictly quasiconvex function does not imply quasiconvexity.



Strictly quasiconvex function may not be strongly quasiconvex.



Pseudoconvex function is a strictly quasiconvex function.

Theorem
f:S→Rnf:S→Rn be strictly quasiconvex function and S be a non-empty convex set
in RnRn.Consider the problem: minf(x),x∈Sminf(x),x∈S. If x^x^ is local optimal solution,
then x¯x¯ is global optimal solution.
Let

Proof

x¯∈Sx¯∈S such that f(x¯)≤f(x^)f(x¯)≤f(x^)
Since x¯,x^∈Sx¯,x^∈S and S is convex set, therefore,
λx¯+(1−λ)x^∈S,∀λ∈(0,1)λx¯+(1−λ)x^∈S,∀λ∈(0,1)
Let there exists

x^x^
is
minima, f(x^)≤f(λx¯+(1−λ)x^),∀λ∈(0,δ)f(x^)≤f(λx¯+(1−λ)x^),∀λ∈(0,δ)
Since

local

Since f is strictly quasiconvex.

f(λx¯+(1−λ)x^)<max{f(x^),f(x¯)}=f(x^)f(λx¯+(1−λ)x^)<max{f(x^),f(x¯)}=f(x^)
Hence, it is contradiction.

Strictly quasiconcave function
f:S→Rnf:S→Rn and S be a non-empty convex set in RnRn, then f is saud to be strictly
quasicovex function if for each x1,x2∈Sx1,x2∈S with f(x1)≠f(x2)f(x1)≠f(x2), we have
f(λx1+(1−λ)x2)>min{f(x1),f(x2)}f(λx1+(1−λ)x2)>min{f(x1),f(x2)}
Let

.

Examples


f(x)=x2−2f(x)=x2−2
It is a strictly quasiconvex function because if we take any two points
the

domain

that

satisfy

the

constraints

x1,x2x1,x2 in
in

the

definition f(λx1+(1−λ)x2)<max{f(x1),f(x2)}f(λx1+(1−λ)x2)<max{f(x1),f(x2)} As the
function is decreasing in the negative x-axis and it is increasing in the positive x-axis
(since it is a parabola).
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f(x)=−x2f(x)=−x2
It

is

not

a

strictly

quasiconvex

function

because

if

we

take

x1=1x1=1and
x2=−1x2=−1
and
λ=0.5λ=0.5,
then f(x1)=−1=f(x2)f(x1)=−1=f(x2) but f(λx1+(1−λ)x2)=0f(λx1+(1−λ)x2)=0 There
take

fore it does not satisfy the conditions stated in the definition. But it is a quasiconcave
function because if we take any two points in the domain that satisfy the constraints in
the definition f(λx1+(1−λ)x2)>min{f(x1),f(x2)}f(λx1+(1−λ)x2)>min{f(x1),f(x2)}. As
the function is increasing in the negative x-axis and it is decreasing in the positive xaxis.

Strongly Quasiconvex Function
Let f:S→Rnf:S→Rn and S be a non-empty convex set in RnRn then f is strongly quasiconvex

x1,x2∈Sx1,x2∈S
with
(x1)≠(x2)(x1)≠(x2),
we
f(λx1+(1−λ)x2)<max{f(x1),f(x2)},∀λ∈(0,1)f(λx1+(1−λ)x2)<max{f(x1),f(x2)},∀λ∈(

function
have

if

for

any

0,1)

Theorem
A quasiconvex function

f:S→Rnf:S→Rn on a non-empty convex set S in RnRn is

strongly

quasiconvex function if it is not constant on a line segment joining any points of S.

Proof
Let f is quasiconvex function and it is not constant on a line segment joining any points of S.
Suppose f is not strongly quasiconvex function.

x1,x2∈Sx1,x2∈S with x1≠x2x1≠x2 such that
f(z)≥max{f(x1),f(x2)},∀z=λx1+(1−λ)x2,λ∈(0,1)f(z)≥max{f(x1),f(x2)},∀z=λx1+(1−λ)x2,λ
There exist

∈(0,1)

⇒f(x1)≤f(z)⇒f(x1)≤f(z) and f(x2)≤f(z)f(x2)≤f(z)
Since f is not constant in [x1,z][x1,z] and [z,x2][z,x2]
So there exists u∈[x1,z]u∈[x1,z] and v=[z,x2]v=[z,x2]
⇒u=μ1x1+(1−μ1)z,v=μ2z+(1−μ2)x2⇒u=μ1x1+(1−μ1)z,v=μ2z+(1−μ2)x2
Since f is quasiconvex,

⇒f(u)≤max{f(x1),f(z)}=f(z)andf(v)≤max{f(z),f(x2)}⇒f(u)≤max{f(x1),f(z)}=f(z)andf(v)≤m
ax{f(z),f(x2)}

⇒f(u)≤f(z)andf(v)≤f(z)⇒f(u)≤f(z)andf(v)≤f(z)
⇒max{f(u),f(v)}≤f(z)⇒max{f(u),f(v)}≤f(z)
But z is any point between u and v, if any of them are equal, then f is constant.
Therefore,

max{f(u),f(v)}≤f(z)max{f(u),f(v)}≤f(z)
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z∈[u,v]z∈[u,v].

Hence f is strongly quasiconvex function.

Theorem
f:S→Rnf:S→Rn and S be a non-empty convex set
solution, then x^x^ is unique global optimal solution.
Let

in

RnRn.

If

x^x^

is local optimal

Proof
Since a strong quasiconvex function is also strictly quasiconvex function, thus a local optimal
solution is global optimal solution.
Uniqueness − Let f attains global optimal solution at two points

u,v∈Su,v∈S

⇒f(u)≤f(x).∀x∈Sandf(v)≤f(x).∀x∈S⇒f(u)≤f(x).∀x∈Sandf(v)≤f(x).∀x∈S
f(u)≤f(v)f(u)≤f(v) and f(v)≤f(u)⇒f(u)=f(v)f(v)≤f(u)⇒f(u)=f(v)
f(λu+(1−λ)v)<max{f(u),f(v)}=f(u)f(λu+(1−λ)v)<max{f(u),f(v)}=f(u)

If u is global optimal solution,

which is a contradiction.
Hence there exists only one global optimal solution.

Remarks


A strongly quasiconvex function is also strictly quasiconvex fucntion.



A strictly convex function may or may not be strongly quasiconvex.



A differentiable strictly convex is strongly quasiconvex.

Pseudoconvex Function
Let f:S→Rf:S→R be a differentiable function and S be a non-empty convex set in RnRn, then

x1,x2∈Sx1,x2∈S with ▽f(x1)T(x2−x1)≥0▽
f(x1)T(x2−x1)≥0,
we
have
f(x2)≥f(x1)f(x2)≥f(x1),
or
equivalently
if f(x1)>f(x2)f(x1)>f(x2) then ▽f(x1)T(x2−x1)<0▽f(x1)T(x2−x1)<0
f is said to be pseudoconvex if for each

Pseudoconcave function
Let f:S→Rf:S→R be a differentiable function and S be a non-empty convex set in RnRn, then

x1,x2∈Sx1,x2∈S with ▽f(x1)T(x2−x1)≥0▽
f(x1)T(x2−x1)≥0,
we
have
f(x2)≤f(x1)f(x2)≤f(x1),
or
equivalently
if f(x1)>f(x2)f(x1)>f(x2) then ▽f(x1)T(x2−x1)>0▽f(x1)T(x2−x1)>0
f is said to be pseudoconvex if for each

Remarks


If a function is both pseudoconvex and pseudoconcave, then is is called pseudolinear.



A differentiable convex function is also pseudoconvex.



A pseudoconvex function may not be convex. For example,
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f(x)=x+x3f(x)=x+x3 is not convex. If x1≤x2,x31≤x32x1≤x2,x13≤x23
Thus,▽f(x1)T(x2−x1)=(1+3x21)(x2−x1)≥0▽f(x1)T(x2−x1)=(1+3x12)(x2−x1)≥0
And, f(x2)−f(x1)=(x2−x1)+(x32−x31)≥0f(x2)−f(x1)=(x2−x1)+(x23−x13)≥0
⇒f(x2)≥f(x1)⇒f(x2)≥f(x1)
Thus, it is pseudoconvex.
A pseudoconvex function is strictly quasiconvex. Thus, every local minima of
pseudoconvex is also global minima.

Strictly pseudoconvex function
Let f:S→Rf:S→R be a differentiable function and S be a non-empty convex set in RnRn, then

x1,x2∈Sx1,x2∈S with ▽f(x1)T(x2−x1)≥0▽
f(x1)T(x2−x1)≥0,
we
have
f(x2)>f(x1)f(x2)>f(x1),or
equivalently
if f(x1)≥f(x2)f(x1)≥f(x2) then ▽f(x1)T(x2−x1)<0▽f(x1)T(x2−x1)<0
f is said to be pseudoconvex if for each

Theorem
Let f be a pseudoconvex function and suppose
then

▽f(x^)=0▽f(x^)=0

for some

x^∈Sx^∈S,

x^x^ is global optimal solution of f over S.

Proof

x^x^ be a critical point of f, ie, ▽f(x^)=0▽f(x^)=0
Since f is pseudoconvex function, for x∈S,x∈S, we have
▽f(x^)(x−x^)=0⇒f(x^)≤f(x),∀x∈S▽f(x^)(x−x^)=0⇒f(x^)≤f(x),∀x∈S
Let

Hence,

x^x^ is global optimal solution.

Remark
If f is strictly pseudoconvex function,

x^x^ is unique global optimal solution.

Theorem
If f is differentiable pseudoconvex function over S, then f is both strictly quasiconvex as well as
quasiconvex function.

Remarks


The sum of two pseudoconvex fucntions defined on an open set S of

RnRn may not be

pseudoconvex.


f:S→Rf:S→R be a quasiconvex function and S be a non-empty convex subset
of RnRn then f is pseudoconvex if and only if every critical point is a global minima of f

Let

over S.


Let S be a non-empty convex subset of
that

RnRn and f:S→Rf:S→R be

a function such

▽f(x)≠0▽f(x)≠0 for every x∈Sx∈S then f is pseudoconvex if and only if it is a

quasiconvex function.
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Convex Optimization - Programming Problem
There are four types of convex programming problems −

minf(x)minf(x), where x∈Sx∈S and S be a non-empty
in RnRnand f(x)f(x) is convex function.
Step 2 − minf(x),x∈Rnminf(x),x∈Rn subject to
gi(x)≥0,1≤m1gi(x)≥0,1≤m1 and gi(x)gi(x) is a convex function.
gi(x)≤0,m1+1≤m2gi(x)≤0,m1+1≤m2 and gi(x)gi(x) is a concave function.
gi(x)=0,m2+1≤mgi(x)=0,m2+1≤m and gi(x)gi(x) is a linear function.
where f(x)f(x) is a convex fucntion.
Step 3 − maxf(x)maxf(x) where x∈Sx∈S and S be a non-empty
in RnRnand f(x)f(x) is concave function.
Step 4 − minf(x)minf(x), where x∈Rnx∈Rn subject to
gi(x)≥0,1≤m1gi(x)≥0,1≤m1 and gi(x)gi(x) is a convex function.
gi(x)≤0,m1+1≤m2gi(x)≤0,m1+1≤m2 and gi(x)gi(x) is a concave function.
gi(x)=0,m2+1≤mgi(x)=0,m2+1≤m and gi(x)gi(x) is a linear function.
where f(x)f(x) is a concave function.
Step

1

−

convex set

convex set

Cone of feasible direction
RnRn and let x^∈Closure(S)x^∈Closure(S), then the cone of
feasible
direction
of
S
at
x^x^,
denoted
by
D,
is
defined
as D={d:d≠0,x^+λd∈S,λ∈(0,δ),δ>0}D={d:d≠0,x^+λd∈S,λ∈(0,δ),δ>0}
Each non-zero vector d∈Dd∈D is called feasible direction.
For a given function f:Rn⇒Rf:Rn⇒R the cone of improving direction at x^x^ is denoted by
Let S be a non-empty set in

F and is given by

F={d:f(x^+λd)≤f(x^),∀λ∈(0,δ),δ>0}F={d:f(x^+λd)≤f(x^),∀λ∈(0,δ),δ>0}

Each direction

d∈Fd∈F is called an improving direction or descent direction of f at x^x^

Theorem
Necessary Condition

x∈Sx∈S where S be a non-empty set
in RnRn. Suppose f is differentiable at a point x^∈Sx^∈S. If x^x^ is a local optimal solution,
then F0∩D=ϕF0∩D=ϕ where F0={d:▽f(x^)Td<0}F0={d:▽f(x^)Td<0} and D is a cone of
Consider the problem

minf(x)minf(x)

such that

feasible direction.
Sufficient Condition

F0∩D=ϕF0∩D=ϕ f is a pseudoconvex function at x^x^ and there exists a neighbourhood
of
x^,Nε(x^),ε>0x^,Nε(x^),ε>0
such
that
d=x−x^∈Dd=x−x^∈D
for
any x∈S∩Nε(x^)x∈S∩Nε(x^), then x^x^ is local optimal solution.
If
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Proof
Necessary Condition

F0∩D≠ϕF0∩D≠ϕ,
ie,
there
exists
that d∈F0d∈F0 and d∈Dd∈D
Since
d∈Dd∈D,
therefore
there
that x^+λd∈S,λ∈(0,δ1).x^+λd∈S,λ∈(0,δ1).
Since d∈F0d∈F0, therefore ▽f(x^)Td<0▽f(x^)Td<0
Let

Thus,

there

d∈F0∩Dd∈F0∩D

a

δ1>0δ1>0

exists

δ2>0δ2>0

exists

such
such

such

f(x^+λd)<f(x^),∀λ∈f(0,δ2)f(x^+λd)<f(x^),∀λ∈f(0,δ2)
Let δ=min{δ1,δ2}δ=min{δ1,δ2}
Then x^+λd∈S,f(x^+λd)<f(x^),∀λ∈f(0,δ)x^+λd∈S,f(x^+λd)<f(x^),∀λ∈f(0,δ)
But x^x^ is local optimal solution.
that

Hence it is contradiction.
Thus

F0∩D=ϕF0∩D=ϕ

Sufficient Condition
Let

F0∩D≠ϕF0∩D≠ϕ nd let f be a pseudoconvex function.

Let

there

exists

a

neighbourhood

of

x^,Nε(x^)x^,Nε(x^)

such

d=x−x^,∀x∈S∩Nε(x^)d=x−x^,∀x∈S∩Nε(x^)
Let x^x^ is not a local optimal solution.
Thus, there exists x¯∈S∩Nε(x^)x¯∈S∩Nε(x^) such that f(x¯)<f(x^)f(x¯)<f(x^)
By assumption on S∩Nε(x^),d=(x¯−x^)∈DS∩Nε(x^),d=(x¯−x^)∈D
that

By pseudoconvex of f,

f(x^)>f(x¯)⇒▽f(x^)T(x¯−x^)<0f(x^)>f(x¯)⇒▽f(x^)T(x¯−x^)<0
⇒▽f(x^)Td<0⇒▽f(x^)Td<0
⇒d∈F0⇒d∈F0
hence F0∩D≠ϕF0∩D≠ϕ
which is a contradiction.
Hence,

x^x^ is local optimal solution.

Consider

the

following

problem:minf(x)minf(x)

where

x∈Xx∈X

such

gx(x)≤0,i=1,2,...,mgx(x)≤0,i=1,2,...,m
f:X→R,gi:X→Rnf:X→R,gi:X→Rn and X is an open set in RnRn
Let S={x:gi(x)≤0,∀i}S={x:gi(x)≤0,∀i}
Let x^∈Xx^∈X, then M={1,2,...,m}M={1,2,...,m}
Let I={i:gi(x^)=0,i∈M}I={i:gi(x^)=0,i∈M} where I is called index set for all active constraints
at x^x^
that
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set for all active

Lemma

S={x∈X:gi(x)≤0,∀i∈I}S={x∈X:gi(x)≤0,∀i∈I} and X is non-empty open set in RnRn.
Let x^∈Sx^∈S and gigi are different at x^,i∈Ix^,i∈I and let gigi where i∈Ji∈J are
continuous at x^x^, then G0⊆DG0⊆D.
If

Proof

d∈G0d∈G0
Since x^∈Xx^∈X and X is an open set, thus there exists δ1>0δ1>0 such
that x^+λd∈Xx^+λd∈X for λ∈(0,δ1)λ∈(0,δ1)
Also since gx^<0gx^<0 and gigi are continuous at x^,∀i∈Jx^,∀i∈J, there
exists δ2>0δ2>0, gi(x^+λd)<0,λ∈(0,δ2)gi(x^+λd)<0,λ∈(0,δ2)
Since
d∈G0d∈G0, therefore, ▽gi(x^)Td<0,∀i∈I▽gi(x^)Td<0,∀i∈I thus there
exists δ3>0,gi(x^+λd)<gi(x^)=0δ3>0,gi(x^+λd)<gi(x^)=0, for λ∈(0,δ3)i∈Jλ∈(0,δ3)i∈J
Let δ=min{δ1,δ2,δ3}δ=min{δ1,δ2,δ3}
therefore, x^+λd∈X,gi(x^+λd)<0,i∈Mx^+λd∈X,gi(x^+λd)<0,i∈M
⇒x^+λd∈S⇒x^+λd∈S
⇒d∈D⇒d∈D
⇒G0⊆D⇒G0⊆D
Let

Hence Proved.

Theorem
Necessary Condition
Let ff and

gi,i∈Igi,i∈I, are different at x^∈S,x^∈S, and gjgj are continous at x^∈Sx^∈S.
If x^x^is local minima of SS, then F0∩G0=ϕF0∩G0=ϕ.
Sufficient Condition

F0∩G0=ϕF0∩G0=ϕ and f is a pseudoconvex function at (x^,gi9x),i∈I(x^,gi9x),i∈I are
strictly pseudoconvex functions over some εε - neighbourhood of x^,x^x^,x^ is a local
If

optimal solution.

Remarks




x^x^ be a feasible point such that ▽f(x^)=0▽f(x^)=0, then F0=ϕF0=ϕ.
Thus, F0∩G0=ϕF0∩G0=ϕ but x^x^ is not an optimal solution
But if ▽g(x^)=0▽g(x^)=0, then G0=ϕG0=ϕ, thus F0∩G0=ϕF0∩G0=ϕ
Consider the problem : min f(x)f(x) such that g(x)=0g(x)=0.
Let
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g(x)=0g(x)=0,

Since

g1(x)=g(x)<0g1(x)=g(x)<0 and g2(x)=−g(x)≤0g2(x)=−g(x)≤0.
Let x^∈Sx^∈S, then g1(x^)=0g1(x^)=0 and g2(x^)=0g2(x^)=0.
But ▽g1(x^)=−▽g2(x^)▽g1(x^)=−▽g2(x^)
Thus, G0=ϕG0=ϕ and F0∩G0=ϕF0∩G0=ϕ.
thus

Convex Optimization - Fritz-John Conditions
Necessary Conditions
Theorem

minf(x)minf(x) such that x∈Xx∈X where X is an open set
in RnRn and let gi(x)≤0,∀i=1,2,....mgi(x)≤0,∀i=1,2,....m.
Let f:X→Rf:X→R and gi:X→Rgi:X→R
Let x^x^ be a feasible solution and let f and gi,i∈Igi,i∈I are differentiable
at x^x^ and gi,i∈Jgi,i∈J are continuous at x^x^.
If x^x^ solves the above problem locally, then there exists u0,ui∈R,i∈Iu0,ui∈R,i∈I such
that u0▽f(x^)+∑i∈Iui▽gi(x^)u0▽f(x^)+∑i∈Iui▽gi(x^)=0
where u0,ui≥0,i∈Iu0,ui≥0,i∈I and (u0,uI)≠(0,0)(u0,uI)≠(0,0)
Furthermore, if gi,i∈Jgi,i∈J are also differentiable at x^x^, then above conditions can be
Consider the problem −

written as −

u0▽f(x^)+∑i=1mui▽gi(x^)=0u0▽f(x^)+∑i=1mui▽gi(x^)=0
uigi(x^)uigi(x^)=0
u0,ui≥0,∀i=1,2,....,mu0,ui≥0,∀i=1,2,....,m
(u0,u)≠(0,0),u=(u1,u2,s,um)∈Rm(u0,u)≠(0,0),u=(u1,u2,s,um)∈Rm
Remarks



uiui are called Lagrangian multipliers.
The condition that x^x^ be feasible to

the given problem is called primal feasible

condition.


The requirement

u0▽f(x^)+∑i=1mu−i▽gi(x)=0u0▽f(x^)+∑i=1mu−i▽gi(x)=0

is

called dual feasibility condition.

uigi(x^)=0,i=1,2,...muigi(x^)=0,i=1,2,...m is called complimentary
slackness condition. This condition requires ui=0,i∈Jui=0,i∈J



The condition



Together the primal feasible condition, dual feasibility condition and complimentary
slackness are called Fritz-John Conditions.

Sufficient Conditions
Theorem
If there exists an
pseudoconvex

over

εε-neighbourhood of x^Nε(x^),ε>0x^Nε(x^),ε>0 such that f is
Nε(x^)∩SNε(x^)∩S and gi,i∈Igi,i∈I are strictly pseudoconvex
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Nε(x^)∩SNε(x^)∩S, then x^x^ is local optimal solution to problem described above. If
f is pseudoconvex at x^x^ and if gi,i∈Igi,i∈I are both strictly pseudoconvex and quasiconvex
function at x^,x^x^,x^ is global optimal solution to the problem described above.
over

Example


minf(x1,x2)=(x1−3)2+(x2−2)2minf(x1,x2)=(x1−3)2+(x2−2)2
such
that

x21+x22≤5,x1+2x2≤4,x1,x2≥0x12+x22≤5,x1+2x2≤4,x1,x2≥0 And x^=(2,

1)x^=(2,1)
Let g1(x1,x2)=x21+x22−5,g1(x1,x2)=x12+x22−5,
g2(x1,x2)=x1+2x2−4,g2(x1,x2)=x1+2x2−4,
g3(x1,x2)=−x1g3(x1,x2)=−x1 and g4(x1,x2)=−x2g4(x1,x2)=−x2.
Thus the above constraints can be written as −

g1(x1,x2)≤0,g1(x1,x2)≤0,
g2(x1,x2)≤0,g2(x1,x2)≤0,
g3(x1,x2)≤0g3(x1,x2)≤0 and
g4(x1,x2)≤0g4(x1,x2)≤0 Thus, I={1,2}I={1,2} therefore, u3=0,u4=0u3=0,u4=0
▽f(x^)=(2,−2),▽g1(x^)=(4,2)▽f(x^)=(2,−2),▽g1(x^)=(4,2)
and
▽
g2(x^)=(1,2)▽g2(x^)=(1,2)
Thus putting these values in the first condition of Fritz-John conditions, we get −

u0=32u2,u1=12u2,u0=32u2,u1=12u2,
therefore u0=32,u1=12u0=32,u1=12

and

let

u2=1u2=1,

Thus Fritz John conditions are satisfied.


minf(x1,x2)=−x1minf(x1,x2)=−x1.
such that x2−(1−x1)3≤0x2−(1−x1)3≤0,
−x2≤0−x2≤0 and x^=(1,0)x^=(1,0)
Let g1(x1,x2)=x2−(1−x1)3g1(x1,x2)=x2−(1−x1)3,
g2(x1,x2)=−x2g2(x1,x2)=−x2
Thus the above constraints can be wriiten as −

g1(x1,x2)≤0,g1(x1,x2)≤0,
g2(x1,x2)≤0,g2(x1,x2)≤0,
Thus, I={1,2}I={1,2}
▽f(x^)=(−1,0)▽f(x^)=(−1,0)
▽g1(x^)=(0,1)▽g1(x^)=(0,1) and g2(x^)=(0,−1)g2(x^)=(0,−1)
Thus putting these values in the first condition of Fritz-John conditions, we get −

u0=0,u1=u2=a>0u0=0,u1=u2=a>0
Thus Fritz John conditions are satisfied.
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Karush-Kuhn-Tucker Optimality Necessary
Conditions
Consider the problem −

minf(x)minf(x)
such
that
x∈Xx∈X,
where
X
is
an
open
set
in RnRn and gi(x)≤0,i=1,2,...,mgi(x)≤0,i=1,2,...,m
Let S={x∈X:gi(x)≤0,∀i}S={x∈X:gi(x)≤0,∀i}
Let x^∈Sx^∈S and let ff and gi,i∈Igi,i∈I are differentiable at x^x^ and gi,i∈Jgi,i∈J are
continuous at x^x^. Furthermore, ▽gi(x^),i∈I▽gi(x^),i∈I are linearly independent.
If x^x^solves the above problem locally, then there exists ui,i∈Iui,i∈I such that
▽f(x)+∑i∈Iui▽gi(x^)=0▽f(x)+∑i∈Iui▽gi(x^)=0, ui≥0,i∈Iui≥0,i∈I
If gi,i∈Jgi,i∈J are also differentiable at x^x^. then x^x^, then
▽f(x^)+∑i=1mui▽gi(x^)=0▽f(x^)+∑i=1mui▽gi(x^)=0
uigi(x^)=0,∀i=1,2,...,muigi(x^)=0,∀i=1,2,...,m
ui≥0∀i=1,2,...,mui≥0∀i=1,2,...,m

Example
Consider the following problem −

minf(x1,x2)=(x1−3)2+(x2−2)2minf(x1,x2)=(x1−3)2+(x2−2)2
such that x21+x22≤5x12+x22≤5,
x1,2x2≥0x1,2x2≥0 and x^=(2,1)x^=(2,1)
Let g1(x1,x2)=x21+x22−5g1(x1,x2)=x12+x22−5,
g2(x1,x2)=x1+2x2−4g2(x1,x2)=x1+2x2−4
g3(x1,x2)=−x1g3(x1,x2)=−x1 and g4(x1,x2)=−x2g4(x1,x2)=−x2
Thus the above constraints can be written as −

g1(x1,x2)≤0,g2(x1,x2)≤0g1(x1,x2)≤0,g2(x1,x2)≤0
g3(x1,x2)≤0,g3(x1,x2)≤0, and g4(x1,x2)≤0g4(x1,x2)≤0 Thus, I={1,2}I={1,2}
u3=0,u4=0u3=0,u4=0
▽f(x^)=(2,−2),▽g1(x^)=(4,2)▽f(x^)=(2,−2),▽g1(x^)=(4,2) and
▽g2(x^)=(1,2)▽g2(x^)=(1,2)

therefore,

Thus putting these values in the first condition of Karush-Kuhn-Tucker conditions, we get −

u1=13u1=13 and u2=23u2=23
Thus Karush-Kuhn-Tucker conditions are satisfied.

Algorithms for Convex Problem
Method of Steepest Descent
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This method is also called Gradient method or Cauchy's method. This method involves the
following terminologies −

xk+1=xk+αkdkxk+1=xk+αkdk
dk=−▽f(xk)dk=−▽f(xk) or dk=−▽f(xk)∥▽f(xk)∥dk=−▽f(xk)‖▽f(xk)‖
Let ϕ(α)=f(xk+αdk)ϕ(α)=f(xk+αdk)
By differentiating ϕϕ and equating it to zero, we can get αα.
So the algorithm goes as follows −







x0x0,ε1ε1,ε2ε2 and set k=0k=0.
Set dk=−▽f(xk)dk=−▽f(xk)or dk=−▽f(xk)∥▽f(xk)∥dk=−▽f(xk)‖▽f(xk)‖.
find αkαk such that it minimizes ϕ(α)=f(xk+αdk)ϕ(α)=f(xk+αdk).
Set xk+1=xk+αkdkxk+1=xk+αkdk.
If ∥xk+1−xk∥<ε1‖xk+1−xk‖<ε1 or ∥▽f(xk+1)∥≤ε2‖▽f(xk+1)‖≤ε2, go
otherwise set k=k+1k=k+1 and go to step 2.
The optimal solution is x^=xk+1x^=xk+1.
Initialize

to step 6,

Newton Method
Newton Method works on the following principle −

f(x)=y(x)=f(xk)+(x−xk)T▽f(xk)+12(x−xk)TH(xk)(x−xk)f(x)=y(x)=f(xk)+(x−xk)T▽
f(xk)+12(x−xk)TH(xk)(x−xk)

▽y(x)=▽f(xk)+H(xk)(x−xk)▽y(x)=▽f(xk)+H(xk)(x−xk)
At xk+1,▽y(xk+1)=▽f(xk)+H(xk)(xk+1−xk)xk+1,▽y(xk+1)=▽f(xk)+H(xk)(xk+1−xk)
For xk+1xk+1 to be optimal solution ▽y(xk+1)=0▽y(xk+1)=0
Thus, xk+1=xk−H(xk)−1▽f(xk)xk+1=xk−H(xk)−1▽f(xk)
Here H(xk)H(xk) should be non-singular.
Hence the algorithm goes as follows −

x0,εx0,ε and set k=0k=0.
Step 2 − find H(xk)▽f(xk)H(xk)▽f(xk).
Step 3 − Solve for the linear system H(xk)h(xk)=▽f(xk)H(xk)h(xk)=▽f(xk) for h(xk)h(xk).
Step 4 − find xk+1=xk−h(xk)xk+1=xk−h(xk).
Step 5 − If ∥xk+1−xk∥<ε‖xk+1−xk‖<ε or ∥▽f(xk)∥≤ε‖▽f(xk)‖≤ε then go to step 6, else
set k=k+1k=k+1 and go to step 2.
Step 6 − The optimal solution is x^=xk+1x^=xk+1.
Step 1 − Initialize

Conjugate Gradient Method
This method is used for solving problems of the following types −

minf(x)=12xTQx−bxminf(x)=12xTQx−bx
where Q is a positive definite nXn matrix and b is constant.
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x0,ε,x0,ε, compute g0=Qx0−bg0=Qx0−b
Set d0=−g0d0=−g0 for k=0,1,2,...,k=0,1,2,...,
Set αk=gTkgkdTkQdkαk=gkTgkdkTQdk
Compute xk+1=xk+αkdkxk+1=xk+αkdk
Set gk+1=gk+αkdkgk+1=gk+αkdk
Compute βk=gTkgkdTkQdkβk=gkTgkdkTQdk
Compute xk+1=xk+αkdkxk+1=xk+αkdk
Set gk+1=xk+αkQdkgk+1=xk+αkQdk
Compute βk=gTk+1gk+1gTkgkβk=gk+1Tgk+1gkTgk
Set dk+1=−gk+1+βkdkdk+1=−gk+1+βkdk.
Given
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